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Contemporary applications 


of mathematics’ 


RICHARD S. BURINGTON, Chief Mathematician, Bureau of Ordnance, 
Navy Department. Mathematics plays a fundamental role in helping to solve 
technological problems. This article supplies a glimpse 

into how mathematics helps solve these problems. 


It warns teachers that “*. . 
equipped to handle . . . technological problems. . . . 


INTRODUCTION 


How mathematics appear in the real 
world today? What sorts of mathematics 
play dominant roles in contemporary in- 
dustrial applications? How do the appli- 
cations of mathematics arise? To what 
extent can it be said that mathematics 
proves things about the real world? What 
is the meaning of these considerations in 
the educational world? How should these 
considerations affect the educational poli- 
cies of our secondary schools and our col- 
leges and universities? It is to such ques- 
tions as these that I direct my attention. 

Doubtlessly you have been hearing 
much about modern algebra and statistics 
and other equally important realms of 
mathematics. You have been experiencing 
a considerable stimulus through these ex- 
cursions away from the routine of your 
work. And the impact of this stimulus on 
your teaching of mathematics will no 
doubt be impressive. 

I shall begin by painting for you a rather 
general sketch of the sort of mathematics 
applications I observe as I go about my 
work, which at present lies in the general 


1 Presented by invitation to the Summer Confer- 
ence for Mathematics Teachers, University of Wis- 
eonsin, Madison, Wisconsin, July 14, 1955. 

The views expressed in this paper are those of the 
author and are not necessarily those of the Navy De- 
partment. 


. the coming generations must be better 


field of research and development leading 
to new equipment and systems. Perhaps 
my discussion will prove useful to you as 
teachers of mathematics. Specifically, I 
hope that those of you who plan curricula 
and advise students in the secondary 
schools will go away with added ammuni- 
tion for your campaigns to give our young 
people the best possible preparation for a 
life of real service. 


How MATHEMATICAL APPLICATIONS 
ARISE IN THE REAL WORLD 


The applications of mathematics in the 
world at large arise principally because 
someone (or group) is trying to design or 
build a structure or machine; or because 
someone wants to understand, describe, 
explain, or predict the behavior of a phe- 
nomena of nature, a machine, or a specific 
situation in the world of affairs and men. 
The mathematics, as may be used or 
needed, arise then from problems in the 
physical, economic, sociological, or bio- 
logical fields. 

In the world of applications mathe- 
matics per se seldom arises primarily as a 
subject to be studied in its own right ex- 
cept as such mathematics may appear as 
abstractions from the fields of application 
requiring some sort of solution. The actual 
research and development of mathematics 
as such is done largely by professional re- 
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search mathematicians. Research math- 
ematicians oftentimes gain their stimuli 
and hunches from some field of physical or 
economic science, and they are frequently 
stimulated by new discoveries and devel- 
opments. Thus, the realization of new 
techniques in electronics in part has led to 
the rapid development of computing en- 
gines of great capacity, computing centers, 
and an array of real research problems in 
numerical analysis. 

In mathematics applications one is 
usually dealing with a physical or eco- 
nomic situation. In so doing one uses the 
language, the techniques, the logics of 
mathematics. Such applications common- 
ly involve one or more of the following 
topics: 


. caleulations; 
. Manipulation 
tionships; 

. graphical analysis; 

. adaptations of existing mathematical 
theories to the particular subject under 
consideration, resulting in solutions de- 
sired to certain problems; 

. probability and_ statistical considera- 
tions; 

. construction of a theory or model of a 
physical or economic field of interest, 
making use of major principles under- 
lying the structural development of a 
mathematics; 

. development of a mathematical disci- 
pline or methodology to supply the 
needs of the physical or economic field 
under study. In other words, new 
mathematical techniques may have to 
be invented to solve the problems en- 
countered in the application. 


of mathematical rela- 


Generally speaking, the applications of 
mathematics encountered in industry and 
in research and development work seldom 
present themselves solely as some one 
branch of knowledge. Rather, such appli- 
cations appear as problems in overlapping 
fields that perhaps involve pertinent 
branches of physical science, engineering, 
business, human relations, and the like, as 


well as mathematics. In all such applica- 
tions a model of the situation under study 
is made. Mathematical reasoning is used 
to aid in the construction of the model, 
and the solution of the desired problem 
may require the use of mathematical tech- 
niques. 

The types of mathematics encountered 
might be classified in part as involving, to 
varying degrees, the subject matter of 
arithmetic, algebra, geometry, trigonom- 
etry, calculus, differential equations, har- 
monic analysis, . . . , mathematical statis- 
tics, ..., as organized and taught in our 
colleges and universities. Likewise, the 
subject matter encountered involves that 
of physics, chemistry, mechanics, the 
properties of materials, and so on, as they 
pertain to the underlying field of applica- 
tions. But the actual applications in the 
real world usually overlap several such 
specialized branches of mathematics and 
technology. 

THE ORIGIN OF PHYSICAL THEORIES 

Some consideration of the manner in 
which a theory of a typical physical phe- 
nomenon may evolve will throw light on 
the manner in which mathematics is used. 

As a means for following my discussion 
you may think of the problem of hurling 
a large stone from a high cliff into a body 
of water. We begin by considering the 
underwater path of the stone. At first 
glance one might suppose that the familiar 
equations of motion of a point particle of 
mass m moving through a given medium 
would suffice to describe the underwater 
path of the stone, if the water-entry veloc- 
ity and entry angle were specified. The 
mathematical model of the simplified 
problem would then involve the mass of 
the stone, the time, ¢, the gravitational 
pull of the earth on the stone, and the co- 
ordinates z, y, z of the assumed point mass, 
taken as at the center of the stone. If 
Newton’s laws of motion are assumed, the 
model might be expressed by the system 
of differential equations 


(1) mé=0, my=0, 


Contemporary applications of mathematics 323 


4 
6 
7 


The solution of these equations for a 
specified entry angle and velocity, namely, 


(2) z=2z(t), y=yd), z=2(d), 


must then be compared with actual ex- 
periments to determine how well the solu- 
tion (2) fits the actual underwater path of 
the stone. 

A few well-designed experiments would 
soon show that, for the specified entry con- 
ditions, the actual path is of the form 


(3) z=X() +a, y=YO+a, +4, 


where X(t), Y(t), Z(t) are symbols for the 
mean of the paths observed and «&, €, € 
are quantities which measure the spread of 
the various paths actually observed in the 
tests. 

It would require only a few well chosen 
experiments with stones to show a consid- 
erable discrepancy between the predic- 
tions (2) and the experimental data (3). 
The conclusion would be that the model 
(1) is inadequate. 

Further study would soon lead one to 
consider the effects of drag on the path of 
the stone. This might lead to a model hav- 
ing the equations 


(1’) mé=D,, my=D2, —mg+Dy, 


with corresponding solutions 
z=27'(), 

Solutions (2’) must be compared with 
those of experiment (3). Again, if care is 
taken, the fit of (2’) and (3) will be disap- 
pointing. The model (1’) would still be un- 
satisfactory. 

Further investigation would reveal lift- 
ing and turning forces, F --+, which 
would need to be included in the model 
(1’), thus further complicating the theory. 
The model equations would then be of the 
form 

#=f,(D, F, -) 
(1”) H=f2(D, F, ); 

2=f,(D, F, g, ); 
with solutions 
(2”") 


y=y"(), 


A comparison of (2’’) with experiment 
(3) would reveal a closer but not a perfect 
fit. One would soon be disappointed with 
the theory and renew the investigation. 

Further study would reveal the forma- 
tion of a cavity surrounding the stone 
upon water entry. More experiments 
would need to be performed to disclose the 
nature of the forces acting on the stone 
upon entry, formation of the cavity, the 
behavior of the stone in the cavity, the 
dissipation of the cavity, and so on. The 
results of the experiments and the theo- 
retical premises arising therefrom would 
lead to far more general differential equa- 
tions for the motion of the stone. These 
would require a more elaborate math- 
ematical calculation to predict the path 
and motion of the stone and cavity. Sooner 
or later one would arrive at a theory for 
the behavior of the stone that when math- 
ematically formulated, would predict rea- 
sonably well the behavior of the stone 
underwater. 

Still further study would lead one into 
the questions of the effects of the shape 
and mass of the stone, the nature of its 
surfaces, and so on, each refinement lead- 
ing to perhaps a more accurate math- 
ematical model of the theory. If one 
wanted to control the flight of the stone, 
still more study would be required. Like- 
wise, a theory predicting the entire path 
of the stone both in air and in water would 
lead one into still more problems. 

The experiments and the comparison of 
the data would lead one into not only a 
dynamical approach to the theory and its 
formulation in, say, the language of dif- 
ferential equations, but would lead to the 
great importance of treating the motion 
as having a certain statistical distribution 
about a theoretical mean dynamical path. 
All of this would lead to more accurate 
description and theory of the underwater 
motion of the stone. The worth of any one 
version of the theory would be measured 
by the accuracy of prediction, by the 
order of its agreement with experiment, by 
its clarity, consistency, and perhaps sim- 
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plicity, by its validity over a wide variety 
of objects other than stones, and by its 
suggestive powers. 

The problem of building the physical 
theory, using mathematical relationships 
and techniques as an aid and guide to both 
the formulation of the experiments and 
the theory, does not end here. 

Further examination of the data and 
theory would reveal the need for a more 
thorough understanding of the formation 
and behavior of the cavitation that per- 
sists after the dissipation of the original 
entry cavity. Again more experiment, 
more theory, more mathematical models, 
predictions based on the models, com- 
parison with experiment and theory,... , 
would be needed. 

And to top off our problem we would 
still not have taken into full account the 
spread of the path of the stone through 
the air, the behavior of the stone as it en- 
ters the water, the effects of shape, entry 
angle, velocity, and the like. 

It is this sort of thing that has been go- 
ing on for years in attempts to understand 
and build a suitable theory for the move- 
ment of a body through water, to under- 
stand the formation and mechanism of 
cavitation around the body, and to learn 
of better methods for controlling the cavi- 
tation and the behavior of the body in air, 
at water entry, and in the water. 

In all of the steps described above we 
see, hand-in-hand with the experiment, 
the procurement, the analysis, and the 
interpretation of the accuracy and mean- 
ing of the data, the formulation of a 
physical theory in mathematical language, 
the solutions of the equations elucidating 
the theory, the predictions of the behavior 
of the body and related phenomena by 
the solution of the equations with suit- 
able, applicable boundary values, and the 
fit of these solutions with the data of ex- 
periment to determine the degree of confi- 
dence one can place upon the theories. 

Thus we see in the formulation of such 
a theory certain steps which are common 
to the development of all sorts of physical 
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and economic theories; and we see first- 
hand how mathematics may enter into the 
picture. 

It is steps of this sort that occur so often 
and must be appreciated properly if one is 
to work successfully in a wide variety of 
the applications of mathematics to re- 
search and development work in industry 
and laboratories. 

These steps may be described roughly as 
follows: 

(1) An understanding and the power to 
predict is desired with respect to some 
class of physical phenomena (or econom- 
ic situation). 

(2) Experiments, observations, and data 
carefully obtained under controlled con- 
ditions are sought. 

(3) From (2) an attempt to interpret the 
data is made, and a tentative theory of the 
phenomena stated. 

(4) From the theory of (3) a mathemati- 
cal model is constructed. 

(5) From the mathematical model (4) 
solutions of the mathematical relation- 
ships involved are sought for cases of pos- 
sible interest. 

(6) The solutions found in (5) are in- 
terpreted in the physical model and in the 
real phenomena of interest. 

(7) The faithfulness with which the in- 
terpreted results of (6) fit the observed 
phenomena is investigated. The result may 
reveal some measure of the adequacy of 
the theory (3) and its model (4). If the 
theory then is tested by comparing its 
predictions with the actual phenomena 
as observed in tests and the predictions 
prove to be good, the theory is taken to 
be a good one. If the predictions of the 
theory do not prove to be good upon com- 
parison with tests, then the theory must 
be abandoned or revamped and the whole 
process as outlined repeated. In some 
cases there may be no suitable method for 
performing all of the tests necessary for 
confirming the theory, in which case the 
best obtainable experimental information 
and pertinent theoretical considerations 
are pooled together—some physical, some 


|| 


mathematical—to yield what conclusions 
can be drawn as to the adequacy of the 
physical theory. 

At every stage in the development of 
physical theories mathematics in some form 
appears: structurally, analytically, com- 
putationally, ..., or otherwise. 

A few examples to illustrate what I 
have in mind may be of interest. 

A visit to the principal offices of any 
large aircraft company will reveal many 
different groups doing work which re- 
quires a good deal of mathematical skill. 
In the planning stages that precede any 
feasibility or design study leading to a new 
aircraft or engine one usually finds one or 
more groups deeply involved in the assess- 
ment of the proposed plans. Such groups 
examine the proposals prior to design 
from many points of view. They attempt 
to analyze and evaluate different possible 
versions of the general proposals. They 
study the proposals from the standpoint 
of their operational suitability, if built. 
They attempt to estimate the economic 
suitability of the proposals. And they ex- 
amine the general feasibility of a proposal 
before any real detailed design is under- 
taken. 

It has been found that mathematicians 
skilled in logical processes and well 
versed in aerodynamics problems are well 
adapted to enter this field. 

The more expensive the proposal and 
the more difficult the financing of the proj- 
ect, the more important are such assess- 
ment groups. In both the United States 
and England we find such groups tied in 
with management at high levels. These 
groups are commonly known as Evalua- 
tion and Analysis Groups, Operations An- 
alysis (Research) Groups, or Assessment 
Groups. Good assessment and good an- 
alytical people are very valuable because 
they have mastered the art of analyzing 
the proposals with great benefit to their 
companies. This often saves much need- 
less expense and effort. 

A visit to design divisions in an aircraft 
company will disclose the fact that hun- 


dreds of man-years are involved in the suc- 
cessful design of a great airplane. The 
costs and risks are so great and the toler- 
ances, weights, and materials required are 
so critical, that a great deal of precise de- 
sign calculation is absolutely necessary. 
The craft, as a structure, alone requires 
much stress analysis. All sorts of vibra- 
tional estimates must be considered. Auto- 
matie control systems, servomechanisms, 
and circuitry must be designed and the 
aerodynamic properties of the craft esti- 
mated as accurately as possible. Wind tun- 
nel tests must be designed and performed. 
The engines must be studied carefully, 
and this involves many questions regard- 
ing heat transfer, thermodynamics, and 
the like. Each of these fields involves 
many branches of mathematics, such as 
Fourier analysis, matrix calculations, par- 
tial differential equations, non-linear equa- 
tions, the mathematics of automatic con- 
trol systems, elastic theory, ... . In this 
kind of work both engineers and math- 
ematicians are needed. They must work 
together. The engineer is too busy to mas- 
ter the necessary mathematics to the ex- 
tent required; the mathematician is too 
busy to master all of the myriad of physi- 
cal details. The calculations typically are 
so massive that large calculating engines 
are used. 

A visit to any other great industry such 
as the heavy electrical companies, the 
electronics industry, the communications 
industry will reveal a similar use of math- 
ematics in all sorts of settings. Browsing 
around a good technical library, paging 
through typical engineering, chemical, 
electrical, and physical journals will thor- 
oughly arouse your interest and impress 
you with the extent to which mathematics 
is now routinely used. 

The rate at which the new discoveries in 
physics and in materials are being trans- 
lated into engineering development work 
is extremely rapid. Much mathematical 
work is involved, especially in those fields 
concerned with the development of new 
physical principles. 
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How MATHEMATICS AS SUCH ARISES 


We have seen in the development of a 
physical theory how mathematics in vari- 
ous ways arises. When the mathematics 
so concerned is considered as an abstract 
subject in its own right, it might be said 
that one is dealing with pure mathemat- 
ics. Much pure mathematics has arisen 
from a study of mathematics as such; and 
it is a matter of history that many theories 
developed strictly as mathematical science 
have later found great use in the develop- 
ment of physical sciences (e.g., Einstein in 
formulating his theories of relativity 
found already in existence a whole field of 
differential geometry thoroughly worked 
out which he could take over bodily; 
matric theory existed long before the 
electrical engineers found it of use in cir- 
cuit theory). 

It is significant that many develop- 
ments in mathematics per se have received 
their impetus or stimulus in unsolved 
problems in the physical world. Thus, 
much of the mathematical research work 
going on today in the field of convex poly- 
hedral sets and linear inequalities has its 
impetus in the development of what is 
called “linear programming,” a subject 
which has grown out of a large class of 
logistic and economic problems of con- 
siderable importance. 

Much of mathematics can be con- 
sidered as a deductive system stemming 
from a suitable set of postulates P. From 
P, by processes considered as allowable in 
the mathematics concerned, various the- 
orems T can be derived. 


If P is so, then T is so. 


In other words, the mathematical proc- 
esses used ‘‘prove”’ that (if a certain logic 
is accepted) if the premises P are con- 
sidered as true, then the conclusion T is 
considered to be true. Thus in a certain 
sense mathematics proves little about the 
“real world,’’ and furnishes nothing about 
the “real truth” of P or T. Only if the 
premises P (and the logic used), when 


given a specific meaning in the field of ap- 
plication, have been demonstrated as con- 
sistent (‘true’) in the field of application, 
can one say that the conclusions 7’ are con- 
sistent (“true’’) in the field of application. 
This limitation on the “truth” of a math- 
ematical result should not be interpreted 
as underestimating the great importance 
of mathematics as such, as I have men- 
tioned previously. 

We have seen earlier that in the devel- 
opment of a physical theory (or theory of 
nature or an economic theory related to 
the real world) one builds certain premises 
based in part on the data of experiment, in 
part on earlier theories, and in part on 
some sort of human insight. And, with the 
aid of a mathematical model and the tech- 
niques of mathematics, one predicts from 
the selected premises P, and their anchor- 
age in the field of application, certain re- 
sults in the physical picture. The “truth” 
of the result 7’ in the real physical world 
depends upon the actual experimental 
verification of the result; and a suitable 
verification then demonstrates the ade- 
quacy of the premises P. Once the physi- 
cal theory has been demonstrated as well- 
founded and one accepts the truth of P, 
then one can consider that 7 is true. In 
the physical theory, mathematics demon- 
strates that if P is so, T is so. The predic- 
tion power of the theory stems from the 
anchorage of the premises in the field of 
application. The stronger the anchorage, 
the greater the predictive power of the 
theory. 

But the fact that a principal function of 
mathematics in the field of application is 
in furnishing 7’, once a P has been chosen, 
should not be interpreted as detracting 
from the importance of the mathematics 
either as a subject in its own right or as a 
subject so necessary to progress in broad- 
er settings. Mathematical reasoning con- 
tributes fundamentally to the construc- 
tion of physical theory. Mathematics con- 
tributes insight and understanding and 
supplies ways and means for “squeezing 
out’’ of the premises P all that is hidden 
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therein. It is a most indispensable aid and 
powerful tool in the fields of applications. 


THE DETERMINISTIC VERSUS 
THE STATISTICAL APPROACHES 


Some of you are acquainted with the 
frequent sayings that “mathematics is an 
exact science,’ that “as long as the math- 
ematics is O.K. the results cannot be 
wrong.’’ How misleading such statements 
can be when they are misused. As we have 
just seen, it is seldom that the anchorage 
of the mathematics in the underlying field 
of application is exact, complete, or per- 
fect ; hence, the interpretations given to the 
mathematical results can seldom be con- 
sidered exact in the field of application. 

You are familiar with the so-called “ex- 
act” types of measurements, data, calcu- 
lations, and predictions. In actual life 
many such quantities which one uses in 
mathematical or other considerations are 
inexact, even though we sometimes ignore 
the fact in our use of such quantities. In 
order to account for such inexactness and 
variations and to bring order out of this 
dispersion (and sometimes confusion) it is 
now commonplace in the applications of 
mathematics to bring into play the statis- 
tical and probability approaches, that is, 
the ‘‘measure theory” approaches of math- 
ematics. Not only is the strictly determin- 
istic (“exact,’’ “dynamical’’) description 
used, but in addition the “gray area” of 
uncertainties in the field of application is 
systematically taken account of in a very 
orderly and logical manner. In the actual 
applications of mathematics to nearly all 
economic and physical fields, one takes 
thorough account of the vagaries of the 
data, as well as the imperfections of the 
mathematical model used in the field of 
application. 

In other words, in the contemporary 
applications of mathematics the methods 
of mathematical statistics and probability 
theory play a very important role as major 
supplements to other forms of mathemati- 
eal disciplines. It is with the aid of such 
technology that so many practical ad- 


vances have been made in the art of pre- 
dicting and controlling physical and eco- 
nomic phenomena. For example, two of 
the most elementary of such principles 
(statistical surveillance theory and statis- 
tical quality control) have contributed 
greatly to the improved production and 
reliability of almost every product now 
produced by mass production methods. 

On the more advanced levels of statisti- 
cal theory we find the notions of correla- 
tion theory playing a fundamental role in 
the development of improved control and 
communication equipment. In the proc- 
ess of gathering information by electrical 
means the incoming signal containing the 
desired information is usually distorted. 
When the distortion has random statistical 
features it is known as “‘noise.’’ To remove 
the noise and recapture the desired in- 
tended message, some sort of electrical 
filtering is used. Various methods for do- 
ing this are known. The principles under- 
lying the theory of time series and correla- 
tion theory have been taken over into the 
theory of filtering and have found wide 
uses. Electronic devices that in effect cal- 
culate correlation factors are now in use 
and play key parts in achieving the de- 
sired filtering. 

Thus, in summary, we see that the ap- 
plications of mathematics to all sorts of 
fields—industry, research and develop- 
ment laboratories, universities, . . . —are 
truly amazing and of great value indeed. 


WHAT DOES THIS MEAN 
IN THE WORLD OF EDUCATION 


Now what does all of this mean in 
terms of our schools, our educational poli- 
cies, and our curricula offerings especially 
in the secondary schools. 

There is every indication that the com- 
ing generations must be better equipped 
to handle the multitudinous technological 
problems of the picture. These generations 
must supply their own physicians, en- 
gineers, physicists, chemists, mathemati- 
cians, and so on. To do this properly, the 
young people in our schools who have the 
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necessary potential abilities must be ade- 
quately trained at a young age, so that as 
they come to maturity and find the fields 
in which they expect to make their careers 
they will be prepared to enter upon the 
necessary professional courses of study. 

This means that for the good of all the 
people these children of potential ability 
should study mathematics, physics, chem- 
istry, biology at an early age. And, some- 
how, such children should be placed in an 
atmosphere where they will want to do 
this irrespective of their ultimate careers. 
Such capable students should have com- 
pleted calculus by the end of the twelfth 
year of school; likewise, by that time they 
should have completed what is now con- 
sidered typical first-year college courses in 
physics and chemistry. That this can be 
done, and can be done without warping 
the students as real boys and girls, has 
been demonstrated. Surely, junior- and 
senior-high-school pupils who can pilot air- 
planes, rebuild cars, build television sets, 
and so on, can do this too, if they are 
steered in these directions. 

But to achieve this result there must be 
a “will to do” on the part of the school 
authorities and the teachers. And such a 
program will help the other students who 
are endowed with those other abilities so 
necessary for the support of the more pro- 
fessionally gifted students. Such a pro- 
gram will be good for all. 

And now, referring to the college and 
university training for the coming gener- 
ations, I feel that such a program will per- 
mit our more capable young people to en- 
ter into their professional careers at a 
younger age than most of them now do, 
and at an age when they learn and pro- 
gress more rapidly. By so doing, those of 
real ability will be able to be of greater 
and perhaps longer service to their fellow- 
men, whatever be their profession—phy- 
sician, mathematician, physicist, engi- 
neer,.... 

Now consider the fields of mathematics 


A survey of activities in industry, in re- 
search and development laboratories, and 
in universities shows clearly that there is 
much room for mathematical experts 
whose work cuts across the fields of math- 
ematics, physical science, engineering, and 
economics. This means that wherever pos- 
sible our mathematics departments should 
train promising mathematical talent for 
careers in mathematics—not only for 
teaching and research—but also for non- 
academic careers in industry and in re- 
search and development activities. 


CONCLUSIONS 


I have tried to tell you something about 
the way in which mathematics is used in 
the real world. I have sketched in a brief 
way the important role that mathematics 
per se plays in contemporary fields, the 
manner in which a physical theory is de- 
veloped with the aid of mathematical 
methods, and I have mentioned a number 
of important current fields in which math- 
ematics has found wide use. I have dis- 
cussed a few current trends in mathemati- 
cal applications and the impact on the 
world of education. 

I hope that some of the things I have 
mentioned will prove useful to you in 
your teaching. I hope that something of 
what I have said will be useful to you in 
encouraging your potentially able students 
to follow a course of study which will pre- 
pare them adequately and at an early age 
for whatever type of career they may 
eventually elect. Especially do I hope that 
you will find it possible to steer students 
of potential ability through calculus and 
through traditional first-year college phys- 
ics and chemistry by the end of their 
twelfth year of school, regardless of what 
is to be their ultimate career. 

And, finally, I trust that you will con- 
tinue to feel that there is much room for 
good mathematicians—especially those 
who cross their interests with the physical 
and economic sciences. 
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A” folded one-track mathematics 


program 


ROBERT C. MCLEAN, JR., Washington High School, 


Los Angeles, California. 


Slide rule scales have been folded, so why not ‘‘fold”’ 


AS MORE AND MORE SUGGESTIONS for 
changing and adding to the high school 
mathematics curriculum are made, one 
becomes intrigued by the problem of or- 
ganizing the material in some logical 
scheme. Quite a number of two-, three-, 
and multiple-track programs have been 
advanced. It is the purpose of this paper 
to present a new name and a new organi- 
zation appropriate for some of these other 
new programs. Basically, it is proposed 
that the high school mathematics cur- 
riculum be organized as a six-year se- 
quence of courses. To fit into the standard 
three- or four-year high school program, 
a six-year sequence must be “folded.” 

The courses would be organized as a 
single sequence with three important re- 
ference points inserted. Elementary 
courses: Math. 1, Math. 2, Math. 3, and 
Math. 4. Passing these courses or an 
equivalent arithmetic-aptitude test score 
would be required for high school gradua- 
tion. Intermediate courses: Math. 5. Math 
6, Math. 7, and Math. 8. Passing these 
courses would be required for general 
college recommendation. Advanced 
courses: Math. 9, Math. 10, Math. 11, 
and Math 12. Passing these courses 
would be required for engineering-physical 
science-mathematics college recommend- 
ation. 

Original placement of the student in the 
sequence should be determined, of course, 


the mathematics curriculum? 


by the mathematical aptitude of the 
individual student. It is suggested that 
the irate parent who demands that his 
little darling be permitted to enroll at 
once in the college preparatory sequence 
be met with the calm reply that his child 
is in the college preparatory sequence— 
it may take just a little longer for him 
than for some other students. 

Some schools may not have enough 
weak students to justify four semesters of 
elementary mathematics. Let them be so 
good as to preserve the numbering, any- 
way, even though their own courses may 
start with some number higher than 1. 
This would preserve the uniformity of 
the course numbers for all institutions 
using the system. 

This purely mechanical device could 
have several advantages. It lends itself 
to the modern integrated courses, It 
should lead the curriculum makers to de- 
velop a further integration to include the 
lower (arithmetic) end, as well as the up- 
per one, of the mathematics spectrum. 
Further, this plan should suggest that the 
steps between consecutive semesters 
should not be as great as the present ones 
between general mathematics and algebra 
and between algebra and geometry. For 
some slower student, it might offer an 
opportunity to “major’’ in mathematics 
(for high school graduation, of course). 
That is, he could start at an appropriate 
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level in the series and progress from se- 
mester to semester, if he is able, for the 
full period of his high school attendance. 

As a purely mechanical device, of 
course, this plan can be applied in a less 
desirable manner. It could be used as a 
novel means of giving numbers to high 


school courses, just like the college courses. 
This is not the purpose of the suggestion. 
Its purpose is to try to pull together all 
high school mathematics courses into a 
sequential, integrated whole with ade- 
quate provision for individual goals at 
various levels. 


Have you read? 


BevpinG, Ropertr E. “Today I Learned,” T'he 
Clearing House, December 1955, vol. 30, pp. 
225-228. 


This little article is hard to classify. But it is 
well worth your reading if you have ever won- 
dered what makes a good teacher. The author 
quotes items from his friend’s diary. These will 
not only interest you; they will also cause you 
to think about your friends and yourself in rela- 
tion to yeur profession. His quotes cover: con- 
tentment, personal relations with strangers and 
friends, students, past and present, students’ 
contributions, and the surplus of teachers’ talk. 
Read this, enjoy it, and see if it does not sum up 
for you, as it did for Mr. Belding, the character- 
istics of a good teacher. 


Bry, Iuse, and Dor, Janer. “War and Men of 
Science,’’ Science, vol. 122, November 1955, 
pp. 911-913. 


This article should be read by all, in that it 
points out the changing role men of science have 
played in relation to war. Beginning in 1912 with 
the meeting of Scholars of Science and Phi- 
losophy on down to the 1950 Society for Social 
Responsibility of Science, we see a continually 
changing role played by the scientists. It is of 
interest to note that the late Einstein was active 
throughout this period and participated in both 
conferences. 

The original spirit seemed to be total 
mastery of scientific fact with advances to ab- 
stractions and approaches to the philosophical. 
Then we see the unification of scientific ideas 
and such organizations as the Institute for 
Unity of Science. This historical review gives 
one faith in the future when he considers that in 
the last 40 years science has mastered ever more 
facts, but in the process has attained humility, 
simplicity, and a political consciousness mostly 


lacking in the past. The history of wars need not 
repeat itself. 


Crcit, ANDREW Rockovenr, ‘‘Education’s New 
Frontier,’ Association of American Colleges 
Bulletin, December 1955, pp. 600-613. 


Remember the first atomic explosion on 
July 16, 1945, and that 10 years later the first 
dinner was cooked using atomic energy? Your 
students will be interested in this article because 
of the summary of progress in the atomic world. 
You will be interested because of the implica- 
tions for education. For example, your students 
will like to know that West Milltown, N. Y. is 
lighted with atomic power, that the University 
of Michigan has preserved food by radiation, 
that the yield of peanuts has been increased 30 
per cent by use of radiation with fertilizer, that 
the United States has established the first school 
to train people from all countries in atomic 
energy for peace. In the field of automation they 
will be surprised to learn that 1,000 radios per 
day are made by 2 men and some machines, 
that 90 per cent of the light bulbs in the United 
States are made by 14 machines and 14 men, 
that vacuum tubes check your bank balance, 
make out your statement, and mail it to you. 

This is the Second Industrial Revolution. 
Here is where the teacher comes in. Semi- 
skilled workers must be raised to a higher level 
of work. For example, pipe fitters will become 
hydraulic engineers, electricians will become 
electronics men. 

Schools must prepare more college-trained 
people. The executive must be well prepared be- 
cause the change in business organization leaves 
little place for intuition. The last point will cause 
you to consider your objective in education. The 
author calls it ‘the supply of spiritual force.’’ I 
am certain that this is a forward looking discus- 
sion that both you and your students will want 
to read.—Puitip Prax, Indiana University, 
Bloomington, Indiana. 
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A problem on the cutting of squares 


MATHEMATICS STAFF OF THE COLLEGE, University of Chicago, 


Chicago, Illinois. 


An article with this same title appears in the April, 

1956 issue of The Mathematics Student Journal. The present 
paper supplies some general mathematical background to that 
Student Journal article, and continues it with a discussion of 


INTRODUCTION 


THERE Is an important theorem of geome- 
try to the effect that if two given polygons 
have equal areas, then either of them can be 
subdivided into a finite number of polygonal 
parts such that, upon rearrangement, these 
parts form the other given polygon (i.e., form 
a polygon congruent to the other given 
polygon). 

This theorem tells us that—without 
decreasing or increasing its area—a given 
polygon can be partitioned and reassem- 
bled into a right triangle, into a regular 
pentagon or hexagon, into one (or several) 
equilateral triangles, into one (or several) 
squares, etc. Thus the theorem gives rise 
to a general type of problem: 


Given a polygon, to cut same into parts 
and rearrange these parts in such a way 
that there results another polygon (or 
polygons) of some specified sort. 


The mathematical character of such a 
problem becomes clearer when it is 
phrased in more precise geometric lan- 
guage: (Given a polygon, by geometric con- 
structions to determine certain straight lines 
in the polygon and to prove that the parts 
into which these lines divide the polygon 
can be rearranged to form another polygon 
(or polygons) of some specified sort. 

Once the meaning of this general prob- 
lem is clear, it is safe to adopt a more con- 
cise phrasing, viz., Given a polygon, to 


the converse of the problem treated there. 


transform it into another polygon (or poly- 
gons) of some specified sort. The word 
“transform” used here is understood to 
have the sense ‘“‘cut into parts, and re- 
arrange same,”’ hence, to imply that the 
area of the original polygon suffers neither 
increase nor decrease under the transfor- 
mation. 

Problems of this type were considered 
in antiquity, apparently by architects 
who designed the buildings and monu- 
ments of the ancient world. The practical 
methods these men devised to solve such 
problems were not always supported by 
proofs, and hence many of them were 
inexact. This last remark is borne out by 
Abul Wefa, a distinguished Arabian 
mathematician of the tenth century a.p.' 
At the beginning of his work A book on 
geometric constructions (fragments of which 
have come down to us in the form of notes 
by his pupils), Abul Wefa says: “In the 
following book we consider the decom- 


1 Abul Wefa (940-998) was a Persian astronomer 
whose life was passed in Baghdad. He was one of the 
last of the great Arabian scholars who translated and 
annotated Greek scientific texts. His principal work, 
besides A book on geometric constructions, was a trans- 
lation-commentary of Diophantus. He also wrote on 
algebra and systematized the trigonometry known in 
his day. Nothing of his work survives, except by way 
of the writings of his pupils and successors. A transla- 
tion (into German) of A book on geometric constructions 
appears on pages 318-359 of Journal Asiatique, 1855. 
For further information on this great mathematician, 
see M. Cantor, V: ngen tiber Geschichte der Mate- 
matik, 3rd ed. (1907), Vol. 1, pp. 742-748. 
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position of figures, a problem which is 
important to many technicians and which 
constitutes the subject-matter of their 
particular investigations. We confront 
problems of this type when we are re- 
quired to decompose squares into smaller 
squares, or when we are required to com- 
pose out of several squares a single larger 
square. We shall present the basic prin- 
ciples of such problems. We emphasize 
that no method of solving one of these 
problems can be counted as exact and 
worthy of confidence if it is not founded 
on such principles; this applies in particular 
to methods presently used by the tech- 
nicians.”’ It should be added that certain 
problems of this type were correctly 
solved by the ancients (one such solution, 
by Abul Wefa himself, is presented below), 
and in more recent times other problems 
of this sort have been solved and some 
ancient solutions improved upon. 

How can a systematic study of such 
problems be organized? One way is to fix 
upon a simple convenient polygon and to 
find methods by which it can be trans- 
formed into certain other polygons, and 
other polygons can be transformed into it. 
The polygon that naturally comes to 
mind for this key role is the square. Thus, 
if we can find a way of transforming a 
square into an equilateral triangle, and 
if we can find a way of transforming a 
pentagon into a square, then by combin- 
ing these methods we have a way of trans- 
forming a pentagon into an equilateral tri- 
angle of the same area. 

Let us assign to the square this central 
role. The original theorem then tells us that 
the square can be transformed into a right 
triangle, into a regular pentagon or hexa- 
gon, into one (or several) equilateral tri- 
angles, into two (or more) congruent 
smaller squares, etc. Further, the general 
problem previously derived from the 
theorem now takes a more special form: 
By geometric constructions to determine 
certain straight lines in a square, and to 
prove that the parts into which these lines 
divide the square can be rearranged to form 


another polygon (or polygons) of some speci- 
fied sort. 

In this paper we treat two particular 
cases of the general problem just stated: 


Problem I. Given three congruent squares, 
to transform them into a single square (i.e., 
to cut them into parts and rearrange these 
parts in such a way that a single square 
results) ; 


Problem IT. Given a square, to transform it 
into three congruent squares (i.e., to cut the 
square into parts and rearrange these 
parts in such a way that three congruent 
squares result). 


Problem I is the problem solved in the 
April 1956 issue of The Mathematics 
Student Journal. Problem II is evidently 
the converse of Problem I. We shall sum- 
marize the solution of Problem I from the 
Student Journal, and then give three solu- 
tions of Problem II. Before turning to our 
mathematical discussion, however, we 
interpolate some pedagogical remarks. 


SoME PEDAGOGICAL REMARKS 


As we have emphasized, “to transform” 
means “to cut into parts and rearrange 
same.” Thus any problem of transform- 
ing a square into some other specified fig- 
ure involves finding what cuts to make 
and finding what rearrangement of the 
resulting parts works. There is a sharp 
psychological difference between these 
two actions. 

Given a square already lined out, to cut 
it and rearrange the parts into another 
figure is a matter somewhat on the order 
of a jig-saw puzzle. Here is one such 
“puzzle” which we suggest you work out 
before reading on. 


Puzzle. On light cardboard draw a square 
ABCD of side 10 (inches or centimeters). 
Now, following the labels of Figure 1, lo- 
cate on the sides of your square the points 
L, G, N, Ri, and 7; as follows: AL=BG 
=7, AR, =2.9, DN =4.2, CT,=3.1. Draw 
the lines AG and LN. On LN locate the 
point S; such that LS,=1.6. On AG locate 
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S; 


4 R, B 


Figure 1 


the points R, S, K, T as follows: AR=2.4, 
RS=3.3, SK =2.4, KT =3.3. Finally, draw 
the lines RR,, SS,, KB, and TT). 

Cut out your square A BCD; then divide 
it into seven parts by cutting along the 
lines AG and LN, and along the lines SS, 
and TT), and RR; and KB. 

Now rearrange the seven parts of 
ABCD to form (a) a rectangle; (b) three 
squares of the same size; (c) a wide paral- 
lelogram ; (d) a narrow parallelogram; and 
(e) an isosceles trapezoid. 


But suppose, instead of giving the 
square already lined out (presenting 
Figure 1 and measurements which locate 
the lines in the square ABCD), we had 
simply said: In an unmarked square, con- 
struct lines and prove that the parts into 
which these lines divide the square can be 
rearranged to form a rectangle (or three 
congruent squares, etc.). The first reaction 
to this new mathematical problem is one 
of uncertainty: What lines should be 
constructed? What view of the problem 
can suggest even a start? How many parts 
should be aimed for? Clearly the passage 
from the puzzle (finding the arrangement) 
to the harder mathematical problem (find- 
ing both the cuts and the arrangement) 
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imposes a radical change on the “mental 
set’’ of the solver. 

Part of the explanation of this change 
surely lies in features of the problem, 
chief among which we consider its inde- 
terminateness. The problem prescribes no 
pattern of cuts, and the number of re- 
sulting parts is not fixed in advance. A 
solution usually can be reached in several 
different ways (though a distinct effort 
is ordinarily required to find even one 
way to a solution), and the number of 
parts normally depends on the method of 
solution. 

The indeterminateness of all these 
problems is one source of their peda- 
gogical value: a student cannot progress 
to a solution without initiative, inde- 
pendence, and ingenuity. Another peda- 
gogical value of these problems is the im- 
petus they can give to the development of 
the student’s geometrical intuition, and 
to the synthesis of his knowledge of sepa- 
rate geometric theorems and definitions 
and constructions (his knowledge that) 
into a unitary apparatus of ideas and 
methods (knowledge what, knowledge 
how). 


SoLUTION OF ProsueM I 


Let us return to Problem I, the prob- 
lem of so cutting three congruent squares 
and rearranging the parts thereof that a 
single larger square results. 

Suppose each of our three squares has 
area 1. Then, it might be thought, the 
problem is simply to construct a square 
with area 3, i.e., a square of side 4/3. 
This last is easy to do. Take one of our 
three given squares, label its vertices A, 
B, C, D, and note that the sides of this 
square are each 1 and its diagonal is 
VE+L, ie., \/2. Now refer to Figure 2 
and proceed as follows: On DC extended, 
mark a point E such that DE has the 
same length as the diagonal AC, i.e., the 
length of DE is \/2. Draw AE and note 
(since ADE is a right triangle) that its 
length is \/12+ (4/2), ie., \/1+2 or 3. 


Segment AE having length \/3, we con- 
struct a square with side AE and obtain 
the square AW VE with area 3 as desired. 

It is true that square AWVE has area 
3, and thus is a square composed in some 
fashion from our given three squares, 
each with area 1. However, square 
AWVE is not a solution of Problem I: 
from the construction above we have no 
notion whatever of how to cut up our 
original three squares and rearrange their 
parts to obtain square AW VE. 

Here is a genuine solution of Problem I. 


Figure 3 


This solution is due to Abul Wefa, and is 
the one given in The Mathematics Student 
Journal. 

Number our three given congruent 
squares I, II, III respectively. Cut 
squares I and II along a diagonal, and add 
the four resulting parts (they are congru- 
ent isosceles right triangles) to square III 
in the manner of Figure 3. Join the ver- 
tices E, F, G, and H with segments as 
shown. Cut the top right triangle along 
HK and fit the triangle HKL into the tri- 
angular space EKD; and do the same 


H 


F 
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along EM, FO, and GQ. The resulting 
quadrilateral EFGH is the desired square. 

Of this construction Abul Wefa says 
that it is “exact and at the same time 
suitable to the needs of the technician.” 
To see that the construction is exact, 
we must prove that: (1) the area of the 
quadrilateral EFGH equals the sum of the 
areas of the three given squares, and (2) 
the quadrilateral EF GH is a square. 

Let us prove (1) first. Referring to Fig- 
ure 3 we see that EFGH includes square 
III. Hence what must be shown is that 
the area of the part of EFGH outside 
square III equals the sum of the areas of 
squares I and II. Notice that the little 
triangle HLK is congruent to the little 
triangle EKD, for the following reasons: 
HL is congruent to ED, ZHLK and 
ZEDK are each half a right angle and 
hence equal, and ZHKL equals Z EKD. 
The same can be said about the next pair 
of little triangles, EMN and FMA, and 
about the remaining two pairs of such 
little triangles. Hence the area of the part 
of EFGH outside square III equals the 
sum of the areas of squares I and II. 
Thus, finally, quadrilateral EFGH has an 
area precisely equal to the sum of the 
areas of squares I, II, and III. 

Now consider (2). To begin with, note 
that the small triangle EKD is congruent 
to triangle EMN, since: ED is congruent 
to EN, the two angles Z EDK and Z ENM 
are equal, each being half a right angle; 
and finally, KD is congruent to MN. From 
this result we can conclude that Z HEF 
is a right angle (for Z NEM equals Z DEK, 
and so the right angle ZNED equals 
ZHEF), and that EH is congruent to EF 
(for EH=EK+KH and EF=EM+MFP, 
while EK is congruent to EM and KH 
is congruent to MF). Proceeding simi- 
larly at vertex F, vertex G, and vertex H, 
we see that all the angles ZHEF, Z EFG, 
ZFGH, and ZGHE are right angles and 
all the sides HE, EF, FG, and GH are con- 
gruent. Hence the quadrilateral EFGH is 
a square. (Actually, that EFGH is a 
square follows immediately by symmetry. 


For the construction is the same on each 
side of square III, hence the sides HE, 
EF, FG, and GH cannot differ in length 
nor can the angles ZHEF, ZEFG, 
ZFGH, and ZGHE in which these sides 
meet differ from each other. Thus each 
of them must be a right angle.) 


PROBLEM II: PRELIMINARY CONSIDERATION 


We turn next to Problem II, the con- 
verse of Problem I: By straight cuts, to di- 
vide a given single square into parts 
which reassemble into three separate con- 
gruent squares. 

Our first impulse regarding Problem 
II is somehow to construct in the given 
square the lines that appeared (in the 
square EFGH of Figure 3) in Abul 
Wefa’s solution of Problem I. This can be 
done, and we shall do so below as our first 
solution of Problem II. This solution sees 
our given square cut into nine parts. 

On the other hand, the puzzle proposed 
earlier in this paper suggests that a solu- 
tion of Problem II can be obtained by 
cutting our given square into only seven 
parts. We show how to effect this cutting 
in our second solution of Problem IT. 

And the matter does not stop there. In 
our third solution of Problem II we shall 
show how a cutting into siz parts suffices. 

The chief idea behind all three of these 
solutions is the following: If the three 
squares sought for are combined into a 
rectangle, then the longer side of this 
rectangle will be three times its shorter 
side. Hence an important aid to any of 
our solutions will be a method of con- 
structing a rectangle whose area equals 
that of our given square, and whose longer 
side is three times the shorter one. We 
present that construction now. 

Suppose our given square ABCD has a 
side of length 1. Then its area will be 1, 
and so will the area of the rectangle which 
we propose to construct from this square. 
If the shorter side of this rectangle is z, 
then its longer side is 32 and its area is 
3x-z, or 3z*. Since it is the case here that 
3z?=1, we have for these sides x and 3z: 
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Figure 4 


The construction in Figure 2 has shown 
us how to obtain a segment of length 1/3; 
let us repeat that construction here. Re- 
ferring to Figure 4, mark on DC ex- 
tended a point E such that DE has length 
/2, the length of the diagonal AC. Draw 
AE and note that it has length ./3; as 
we saw in connection with Figure 2. 
Now through vertex B draw a line parallel 
to AE, and let F be the intersection of 
this line with DC extended. The quadri- 
lateral ABFE is a parallelogram, since 
BF is parallel to AE and EF is parallel to 
AB. Further, parallelogram ABFE has 
the same area, namely 1, as the square 
ABCD. 

From B and from F draw the segments 
BK and FH perpendicular to AE ex- 
tended. The resulting quadrilateral BFHK 
is a rectangle whose area equals that of 
parallelogram ABFE and hence that of 


our original square ABCD. Since triangle 
EFH is obviously congruent to triangle 
ABK (AB and EF have the same length, 
being opposite sides of a parallelogram; 
angles at K and H are right angles; angles 
at A and £ are the same, since AB and 
DF are parallel) it follows that AE and 
KH are of the same length. Consequently: 
rectangle BFHK has area 1, a longer side 
of length ./3, and a shorter side of length 
V/3/3. 

We shall make use of rectangle BFHK 
in each of the three solutions of Problem 
II that follow. We emphasize here, how- 
ever, that the construction of rectangle 
BFHK shown in Figure 4 is not a trans- 
formation of our square ABCD into 
BFHK: Figure 4 does not show how 
ABCD may be cut into parts that reas- 
semble into rectangle BFHK. 


FIRST SOLUTION OF ProsLEM II 


Let us solve Problem II by constructing 
in our square ABCD the lines of Abul 
Wefa’s solution of Problem I (the lines in 
square EFGH of Figure 3). 
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| 
H 
D CG \F 
A B : 
32= 3. 


First, what facts do we have at hand? 
The square ABCD we begin with has area 
1. Hence each of the three congruent 
squares aimed for must have an area of }, 
a side of ./3/3 and (in consequence of 
Pythagoras’ theorem) a diagonal of \/6°/3 


(ince +) 


1 1 /2 1 vs) 
3°3 V3 3 
On the other hand, looking back at the 
square EFGH of Figure 3 we see that the 
center of its inside square III is also the 
center of EFGH, that HC and DC have 
the same length (as do HL and DC), and 
that K is the midpoint of HE (and also of 
LD). And finally, in constructing the Abul 
Wefa lines in our present square ABCD, 
the square we construct corresponding to 
square III of Figure 3 must be given a 
side of \/3/3 and must be so placed that 
each of its vertices is a distance /3/3 
from some vertex of our square ABCD. 

Together, these facts suggest the fol- 
lowing construction for the Abul Wefa 
lines in our square ABCD: Draw a circle 
whose center is the center of ABCD and 
whose diameter is \/6/3 (the square we 
want inside ABCD will be inscribed in 
this circle). Next, with D as center, draw a 
circle with radius /3/3 (either intersec- 
tion of this circle with the previous circle 
can serve as a vertex of the desired 
smaller square inside ABCD). From here 
on the construction follows Figure 3 in a 
natural fashion. 

We show the construction in Figure 5, 
and describe its successive steps as fol- 
lows: Mark the center Z of our square 
ABCD (Z is the intersection of the diago- 
nals of ABCD). Now recall that in Figure 
4 segment BK has length \/3/3, and so 
segment AK in Figure 4 has length \/6/3. 
Bisect the segment AK of Figure 4 (using 
a line through the midpoint of AB parallel 
to BK), and then with one of the halves 
of that AK as radius draw a circle cen- 


A B 


Figure 5 


tered at Z. With the length of segment 
BK in Figure 4 as radius, draw another 
circle centered at D. Let X be one of the 
intersections of these two circles. Draw 
the line XZ and let V be its other intersec- 
tion with the inside circle. Draw through 
Z a line perpendicular to XV, and let its 
intersections with the inside circle be U 
and W. With the help of the points X, U’, 
V, and W we can now draw the Abul 
Wefa lines in square A BCD. Draw segment. 
XU, and extend it to the side AD at K. 
Draw segment UA. Similarly, draw UV 
extended to AB at M, and VB. Again, 
draw VW extended to BC at O, and WC. 
And finally, draw WX extended to CD at 
Q, and XD. These four pairs of segments 
are the desired Abul Wefa lines in square 
ABCD. If square ABCD is cut up along 
these segments, the resulting nine parts 
can be reassembled (in the fashion of 
Problem I) into three congruent squares 
each of area 4. 

We leave to the reader the proof that 
this construction actually transforms 
square ABCD into three congruent 
squares. Hint: Draw a circle with K as 
center and KU as radius, and let L be the 
intersection of this circle and the extension 
of XK. Draw DL. Now use the facts of 
the construction to prove that K is the 
midpoint of AD and that X DL is an isos- 
celes right triangle with side ./3/3. 


338 The Mathematics Teacher | May, 1956 


SECOND SOLUTION TO PRoBLEM IT 


The solution now discussed will show 
how our square can be cut into seven parts 
which reassemble into three congruent 
squares. 

Again, suppose our original square 
ABCD has area 1. Make the construction 
of Figure 4 in ABCD, and let G be the 
intersection of AE with BC. On AD mark 
the point L such that AL and BG have 
equal length, and on BF the point M such 
that BM and AG have equal length. 
(Note that each of L, G, and M is equi- 
distant from DF.) Draw from L a segment 
parallel to AE and ending at the point N 
on DC. Draw from M a segment perpen- 
dicular to EF and ending at the point P 
on EF. The segments AG, BK, and LN 
divide our square ABCD into the four 
polygonal parts I, II, III, and IV shown 
in Figure 6; and segments EF, MP, and 
BG similarly divide rectangle BFHK into 
the four parts shown in Figure 6. 

We learned in connection with Figure 4 
that square ABCD and rectangle BFHK 
have the same area. The construction of 
Figure 6 now enables us to show that 
ABCD and BFHK are each composed of 


Figure 6 


parts which are pairwise congruent, i.e., 
we can now show how ABCD transforms 
into BFHK. The proof runs as follows: 
Triangle BKG (viz., III) is common to 
both our square and our rectangle. Again, 
as we saw in connection with Figure 4, 
triangles ABK and EFH (viz., the two 
triangles IV) are congruent. Further, tri- 
angles LDN and MPF (viz., triangles I) 
is congruent because: segments LD and 
MP have the same length, and angles 
ZDLN and ZPMF are the same because 
their corresponding arms are parallel. 
And finally, in view of all these considera- 
tions, the pentagons ALNCG and BGEPM 
(viz., pentagons II) are evidently con- 
gruent. 

Thus if our square ABCD is cut along 
the segments LN, AG, and BK, the result- 
ing parts can be reassembled into a rec- 
tangle. 

The final stage of this discussion will 
show how to transform our square ABCD 
into three congruent squares. We know 
that 


(length of BF) 


(length of BK) = 
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K 
6 7 
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Divide BF into three congruent segments 
(lay off BK twice on BF, beginning at B), 
and at the two division points draw seg- 
ments parallel to BK. These segments 
(they are shown as dotted lines in Figure 
7) divide rectangle BFHK into three 
congruent squares. Numbering the result- 
ing seven parts of BFHK as in Figure 7, 
let us look for congruent companions to 
these parts in our original square ABCD. 
On AG mark the points R, S, and T, such 
that each of segments KR, AS, and ST 
is congruent to BK, From R, S, and T, 
respectively, draw the segments RR,, SS,, 
and 77; perpendicular to AG. Let the 
resulting seven parts of square ABCD be 
numbered as shown in Figure 7. Now it is 
easy to show that any two parts with the 
same number are congruent. 

Thus if our original square ABCD is cut 
along LN and AG, along SS, and TT,, 
and along RR, and BK, the resulting 
seven parts can be reassembled into three 
congruent squares. We have concluded 
our second solution of Problem II, and 
incidentally resolved the ‘‘mystery” of 
the puzzle given earlier. 


Figure 7 


THIRD SOLUTION OF PROBLEM II 


In this third and final solution of 
Problem II, we show how square ABCD 
can be decomposed into three congruent 
squares by dividing ABCD into only siz 
parts. The key to this solution is to locate 
the rectangle BFHK of Figure 4 in a dif- 
ferent position on ABCD. 

As usual, let our square ABCD have 
area 1. According to the construction 
shown in Figure 4, the rectangle BFHK 
then also has area 1, its longer side has 
length \/3 and its shorter side has length 
/3/3. Using the symbol “(XY)” to 
designate the length of segment XY, the 
last two facts mentioned about rectangle 
BFHK can be reported as follows: 


(BF) =(HK) = V3, 
3 
(BK) = =~. 
We now locate BFHK in a different 
way on our square ABCD. 
On DC extended mark a point W, 
such that (DW)=(BF)=,/3 (segment 
BF is to be obtained from Figure 4). 
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A 


Draw AW, and let V be its intersection 
with BC. On AD mark the point J, such 
that (DJ) =(BK)=\/3/3 (segment BK 
is to be obtained from Figure 4). Through 
J draw a line parallel to DW; let U be 
the intersection of this line with AW, and 
let Q be the intersection of this line with a 
perpendicular drawn from W. The rec- 
tangle DJQW is evidently congruent to 
the rectangle BFHK of Figure 4. Hence, 
as seen in Figure 8, we have located on 
ABCD in a new position a rectangle of 
area 1 whose sides have the ratio 3:1.* 

Let us show that the square ABCD and 
rectangle consist of parts which are pair- 
wise congruent. The pentagon DJUVC is 
common to both figures. It is sufficient, 
therefore, to prove that the triangles AJ U 
and VCW are congruent, and that the 
triangles ABV and UQW are congruent. 
We know that 


(1) (CW) = (DW) —(DC) = V3-1, 
v3 

(AJ) =(AD)—(DJ)=1 . 

Further, since triangles AJU and ADW 

2 The remarks of this paragraph incidentally pro- 

vide us a simple way to trisect a right angle. Note 
that Z DAW is an angle of 60°, for 

V3 


D 
tan DAW) = 
(AD) 1 
Hence Z WAB is an angle of 30°. Using the familiar 
methods to bisect Z DAW, we obtain the trisection 
of the right angle Z DAB. 


B Figure 8 


are clearly similar, it is the case that 
(JU) _ (Ad) 
(DW) (AD) 

In consequence of this equality and the 

facts of (1), 


v3 
(AJ)-(DW) 
(AD) 


(2) a 
= /3-1. 
From (1) and (2) it follows that (CW) = 
(JU). Hence, the two similar triangles 
AJU and VCW are in fact congruent, 
and our proof is half done. From the con- 
gruence of AJU and VCW we see that 
(VC) =(AJ) 


(JU)= 


(BV) = (BC) —(VC) 


3 3 
and so 
(3) (BV) =(QW). 


Continuing, we have 


(UQ) = (JQ) —(JU) = V3-(v3—-1)=1, 
and hence, 

(4) (UQ) = (AB). 

From (3) and (4) it follows that triangle 
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ABY is congruent to triangle UQW, and 
our proof is complete. 

It is noteworthy that by cutting our 
square ABCD along the two segments AV 
and JU we obtain three parts (they are 
the triangles AJU and ABV and the 
pentagon DJUVC) which reassemble into 
a rectangle. The method based on Figure 
6 required three cuts and four parts. 

As the final stage of our present solu- 
tion, let us now subdivide rectangle 
DJQW into three squares by segments 
EF and MN, and number the resulting 
parts of DJ/QW as shown in Figure 9. It 
is not hard to find six corresponding con- 
gruent parts in our square ABCD. On JQ 
mark the point U’; such that (UU,) =(WF); 
now, dropping a perpendicular segment 
from U, to AW, we divide triangle AJU 
into parts 3’ and 4’ congruent respectively 
to parts 3 and 4 of our rectangle. Again, 
on AB mark the point B, such that 
(BB,)=(WF); now, erecting a perpen- 
dicular segment from B, to AW, we di- 
vide triangle ABV into parts 5’ and 6’ 
congruent respectively to parts 5 and 6 
of our rectangle. 


Parts 1 and 2 being common to both- 


our square ABCD and the rectangle, it is 
now clear that the siz parts 1, 2, 3’, 4’, 5’, 
6’ of ABCD can be reassembled into three 
congruent squares. Thus we have a solu- 
tion of Problem II that requires cutting 


& Figure 9 


our square into only siz parts. 
CONCLUDING REMARKS 

It is seen from these three solutions of 
problem II that, in the course of 1000 
years, the number of parts into which a 
square ABCD may be cut to produce 
three congruent squares has been reduced 
from nine to six. Can this number be re- 
duced still further? Is six the least number 
of parts that will work? At the present 
moment neither question has an answer. 
Moreover, both questions are probably 
hard to answer. 

Another kind of question, related to our 
Problem II above, has recently received 
attention: Find constructions according 
to which a square can be partitioned into 
a finite number of smaller squares, no two 
of which are congruent. It has been proved 
that a square of side 175 can be divided 
into 24 squares whose sides are expressible 
in natural numbers, no two of these 24 
squares being congruent; the question 
whether fewer than 24 such squares can be 
found is still open. There is a growing 
literature on this kind of problem.’ 


3 Cf. Brooks, Smith, Stone, Tutte, ‘“The dissection 
of rectangles into squares,’’ Duke Mathematical Jour- 
nal, vol. 7 (1940) pp. 312-340; Chowla, “Division of a 
rectangle into unequal squares,” The Mathematics 
Student Journal, vol. 7 (1939) p. 69; Steinhaus, 
Mathematical Snapshots (New York: Oxford Uni- 
versity Press, 1950), pp. 1-7. See also two articles by 
Goldberg in the American Mathematical Monthly, 
vol. 47 (1940), pp. 570-571, and in Scripta Mathe- 
matica, vol. 18 (1952), pp. 17-24, respectively. 
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Finally, here are three problems which 
can be solved by methods analogous to 
those of this paper, and on which you 
might like to try your hand. 


A. Devise a construction by which an 
equilateral triangle can be trans- 
formed into a square. 


. Devise a construction by which a 
square can be transformed into an 
equilateral triangle. 


C. Devise a construction by which a 
square can be transformed into two 
non-congruent smaller squares. 


Many other elementary problems of 
this sort are treated in a recent little book, 
The Wonders of the Square, by B. Kordi- 
emskii and N. Rusalev. Unfortunately this 
excellent book (on which parts of the pres- 
ent paper have been based) is in Russian 
and hence inaccessible to most American 
mathematics teachers. 


Computer lops $29,999 off taxpayers’ bill 


Electronic computers used in engineering 
America’s jet aircraft save the taxpayers many 
thousands of dollars every year. 

As an example, mathematical problems 
which would cost $30,000 for every million 
operations by a clerk using a desk calculator are 
now done on these complex computers at a cost 
of only $3.00 per million operations. And, 
further, it is estimated that in the future, 
through wider uses of the electronic wonders, 
the cost for the same number of operations may 
be reduced to as little as 30 cents. 

Not only behind the closed doors of aircraft 
engineers and scientists are these revolutionary 
new machines paying for their keep, but they 
have also added enormously to the operational 


ruggedness and reliability of modern supersonic 
military aircraft and commercial transports. 


Devices aid other industry 


The development of electronic units capable 
of withstanding extreme changes in temperature 
and severe pressures and shocks encountered at 
jet speeds and altitudes has also been essential 
in manufacturing the delicate electronic com- 
ponents. Ultra-premium tubes are capable of 
withstanding temperatures as high as 550° F. 

Borrowing from the control principles used 
for aircraft and missiles, these electronics are 
now being used in many industrial processes.— 
Taken from Planes, Official Publication of the 
Aircraft Industries Association of America, Oc- 
tober 1955, vol. 11, no. 9 


No competition 


Of the problems that confront United States 
aircraft engine designers and engineers, one of 
the most critical is weight. 

It is easy to imagine the relief, then, of the 
design engineer of one aircraft-engine builder 
who on a recent vacation trip visited huge 


Boulder Dam in Arizona and observed a small 
metal plate attached to the lower section of a 
several-story-high turbine weighing hundreds of 
tons. 

The plate was inscribed: ‘This turbine is not 
licensed for installation in aircraft.” 
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Practical determination 
of the rank of a matrix 


N. B. CONKWRIGHT, University of Iowa, Iowa City, Iowa. 
Determining the rank of a matrix usually is not a problem 


for the high school. However, teachers may enjoy 
a simple method for finding answers to problems 


INTRODUCTION 


THE PROCEDURE to be described for the 
determination of the rank of a matrix is 
similar to the evaluation of a determi- 
nant by the method of pivotal elements. 
The computation required is simple, and 
the method is very convenient in prac- 
tice. Fundamentally, the theory involves 
only the familiar fact that a matrix is re- 
ducible by elementary row operations to 
a certain canonical form from which the 
rank is obvious. But as a systematic rou- 
tine for actual numerical work, the method 
seems to be generally unfamiliar to stu- 
dents in spite of its useful nature. 

The procedure has been discussed by 
methods different from those to be em- 
ployed here in an article dealing with the 
solution of simultaneous linear equations 
by pivotal methods,' and even earlier in a 
paper by Wren? who also treated the ma- 
terial in the paper cited above. 


TERMINOLOGY 


To facilitate the discussion the element 
in the upper left-hand corner of a matrix 
will be called the leading element. A 


1N. B. Conkwright and J. D. Heide, ‘“‘The Solu- 
tion of Simultaneous Linear Equations,” Tue MaTHE- 
MaATics TEACHER, XX XVIII (April 1945), 177-80. 

2 F. L. Wren, ‘‘Neo-Sylvester Contractions and the 
Solution of Systems of Linear Equations,” Bulletin of 
the American Mathematical Society, XLIII (December 
1937), 823-24. 
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encountered in graduate courses. 


matrix with leading element different from 
zero will be called a standard matrix. 

We now define what is meant by a 
pivotal reduction of a matrix. Let P be any 
non-zero matrix having at least two rows 
and at least two columns. Denote the 
number of rows and columns of P by m 
and n, respectively. If the leading ele- 
ment is zero, let P be transformed by the 
interchange of rows and/or columns into 
a matrix Q which has the leading element. 
different from zero. Denote the element in 
the jth row and the kth column of the 
standard matrix P or Q (as the case may 
be) by z%. Then compute the elements of 
the (m—1)X(n—1) matrix R having for 
the element in the jth row and the kth 
column the quantity 


Ti 


| 


The procedure by which matrix R was ob- 
tained from the given matrix, including 
(if P had a zero leading element) the 
transformation of P into a_ standard 
matrix, is called a pivotal reduction of P. 


DETERMINATION OF THE RANK 
OF A MATRIX 


Let A, be a non-zero matrix (having 
more than one row and more than one 


— 
i 


column) whose rank is to be found. The 
procedure for determination of rank is as 
follows. First, effect a pivotal reduction of 
A,, and thus obtain a matrix A». If A20, 
and has at least two rows and two col- 
umns, carry out a pivotal reduction of 
Az, thus obtaining matrix A;. If A3;#0 
and has at least two rows and two col- 
umns, effect a pivotal reduction of A3, and 
thus obtain a matrix A,, and so on. If this 
pivotal reduction is repeated a sufficient 
number of times, it is obvious that we 
shall finally obtain either a matrix of one 
row, a matrix of one column, or a zero 
matrix. If A, is the last non-zero matrix 
which can be obtained in the manner de- 
scribed, then the rank of A, is h. A proof of 
this statement is presented below. 

In order to simplify the computation, 
it is permissible to simplify any matrix 
A, by performing transformations which 
do not change the rank, before carrying 
out the pivotal reduction which leads to 
the next matrix A,,). 


AN EXAMPLE 


Let it be required to find the rank of the 
matrix 


— 120 3 4-2 
—120;~/0 0 
— 126 7 29 42 


Ag 


Hence the given matrix is of rank 4. 


As= 


THEORETICAL DISCUSSION 


To establish the validity of the test for 
rank it will first be shown that the rank 
of Az is less by one than the rank of A,. 
Assume for the present that A, has a 
leading element different from zero, and 
consider the partitioned matrices 


where it is understood that B is an m by m 
matrix. Then it is found upon multiplying 
the partitioned matrices above that 


ay | 
0 
0 


G3 * * Ain 


| 
| 
| Ay 
| 
| 


Now B is non-singular, since it was as- 
sumed that Hence A, and BA, 
have the same rank. It is therefore ob- 
vious that the rank of Ag is less by one 
than the rank of Aj. 

Let it be recalled that A, denotes the 
last non-zero matrix obtainable from A, 
by repeated pivotal reduction. Hence A, 
has only one row or only one column, or 
else pivotal reduction of A, results in a 
zero matrix A,,;. But the rank of A, is 
one. (If A, has more than one row or more 
than one column, an argument like that at 
the beginning of this section, coupled with 
the fact that A,,:=0, shows the rank of 
A, to be one.) Now a repetition of earlier 
arguments reveals that for s=2, 3,---, 
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| Gye ay 
1 1:0 0 
| 0 a, 0---0 
BA,\= 
Ai=|0 3 4 6 1]. 
246 3-2 
2.4 2 
Then 
-1 2 9 18 
9 12 18 
10 10 9 —10 
9 3 6 9 
—30 —99 
—21 —87 
0 
a-(,, 


h, the rank of A, is less by one than the 
rank of A,_;. Therefore, if r denotes the 
rank of A,, the rank of A, is r—h+1. 
Hence 


r-h+1=1, and r=h. 
The test for rank has thus been estab- 
lished. 

If the leading element of A, is zero, the 
above argument may be applied to the 
standard matrix obtained from A, by 
interchange of rows and/or columns. 


SOME SPECIAL CASES 

Pivotal reduction is especially easy for 
square matrices of certain special types. 
Thus, if a standard matrix Q is sym- 
metric, the matrix R obtained by pivotal 
reduction is also symmetric. Hence, all 
elements on one side of the principal di- 
agonal of R can be written without any 
computation. The reader may find it in- 
teresting to investigate the form of R 
when Q is Hermetian, skew-Hermetian, or 
a circulant matrix. 


Letter to the editor 
Q.E.D. 


Dear Sir, 

In his article “Quod erat demonstrandum” in 
the January 1956 issue of THE MaTHEMATICS 
Teacuer, Harold P. Fawcett pleads for the in- 
troduction of the inventive spirit into the geom- 
etry classroom. To this, no alert mathematics 
teacher can take exception. But the attempt to 
link the Q.E.D. teaching practice with thought 
control and to insist that its very spirit is anti- 
democratic is nonsense, and dangerous nonsense 
at that. 

The case against Q.E.D. is concentrated 
chiefly in this paragraph: “...An even more 
serious question ...can be raised concerning 
the cumulative effect on a student who is faced 
with data day after day, either given or assumed, 
and precisely what conclusion he must derive 
from these data or just what it is he must prove. 
Does not such a practice violate the very spirit 
of scientific method? Where in the world is this 
practice found except in the demonstrative 
geometry classroom and in countries where 
thought control is common?...Is there any 
respectable scientific investigator anywhere who 
will support the practice of making prejudg- 
ments or of determining in advance the con- 
clusions to whieh inquiry must lead? ...” 

Of the three questions raised by the author 
the second is semantically charged and conse- 
quently difficult to answer in a straightforward 
manner. If the author means that the pupil in 
the geometry classroom is forced to accept the 
stated conclusion even if logically unjustified, I 
deny that the pedagogic practice he describes 
implies such a compulsion. (And his earlier 
tribute to Miss Agnes Murphy would tend to 
support this denial.) The practice of stating the 
given and the conclusion is no doubt found in 
the demonstrative geometry classrooms of 
countries with general thought control as well 
as in the classrooms of those countries that ab- 
hor thought control. For centuries the practice 


-ANOTHER RUSSIAN INVENTION? 


persisted in England with no adverse effect on 
her democratic institutions. In our own country 
the practice does not seem to have had any im- 
portant influence on political institutions. This 
type of geometry teaching poses no subversive 
threat to any type of government; arguments 
for changing it had better come from other 
fields of human activity. 

In the remaining two questions the author 
asks: Do scientific investigators make prejudg- 
ments? The answer is yes; they have to. We are 
dealing here, not with thought control, but with 
experimental control. In most cases the in- 
vestigator has a pretty good idea of the out- 
come of an experiment, but he checks carefully 
the anticipated with the experimental results. 
A prejudgment may or may not be experi- 
mentally verified. But the investigator is free 
to perform any experiment (not destructive of 
life or property) suggested by his inquiring 
mind. 

In the opinion of the author ‘‘such experi- 
ence... frequently encourages intellectual dis- 
honesty. ... His [Girolamo Saccheri’s|] erro- 
neous belief that he had actually proved the 
parallel postulate is a good illustration of what 
can happen when one is under the compulsion 
of proving a predetermined conclusion.’’ This 
is an interesting thesis, and I do not know how 
widely mathematicians subscribe to it. But cer- 
tainly the same compulsion existed for Gauss, 
for Bolyai, for Lobachevsky, and for Riemann, 
none of whom can be accused of intellectual cor- 
ruption. The extensive efforts made to prove 
the predetermined conclusion that z*+y" =z" is 
not solvable in integers for integral n >2 led to 
no intellectual dishonesty (of which I am aware), 
but to much useful mathematics. 

However, we are not here concerned with 
scientific induction; the chief objective in the 
teaching of geometry is to establish the nature of 
mathematical proof. (Witness the Fifteenth 


Continued on page 392 
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The supervisor plans a program 


through self-evaluation 


LESTA HOEL, Portland Public Schools, Portland, Oregon. 
Self-evaluation procedures have often proved to be 

of considerable value. In this article, self-evaluative criteria 
are developed for the supervisor of mathematics. 


Evaluation is the process of making judg- 
ments that are to be used as a basis for 
planning. It consists of establishing goals, 
collecting evidence concerning growth or 
lack of growth toward goals, making judg- 
ments about the evidence, and revising 
procedures and goals in light of the judg- 
ments. It is a procedure for improving the 
product, the process, and even the goals 
themselves.' 


LEARNING is evaluated in terms of changed 
behavior on the part of the learner. A 
supervisory program is successful only 
insofar as it results in the changed be- 
havior of all those people who work di- 
rectly or indirectly with children, resulting 
ultimately in the improvement of the 
learning situation for them. The learning 
process for a school staff begins by estab- 
lishing goals and attempting to attain 
these goals. They must constantly evalu- 
ate the results in terms of the changed 


learning situation for the children, and 
set up modified goals for further learning. 

A self-evaluation program for a super- 
visor consists in: (1) setting up the goals 
(changed behavior) which, in his opinion, 
a school staff should strive to attain, (2) 
developing and applying criteria for 
measuring his share in the achievement of 
these goals; (3) planning new goals and 
procedures in light of the apparent results. 
These three procedures are illustrated in 
this paper. “‘Staff’’ means the teachers and 
administrative personnel within any school 
unit. The evaluation criteria are stated 
for a city-wide supervisor of mathematics 
whose relationship to the principal and 
teachers in the schools is that of an advis- 
ory capacity only. Similar criteria could 
be set up for anyone in a supervisory posi- 
tion. 


THE FOUR GENERAL OBJECTIVES ASSUMED FOR AN ADEQUATE SCHOOL PROGRAM 


. The staff improves the learning situation for children through an adequate program 


of self-improvement. 


. The staff works co-operatively on a program of child growth and development. 
The staff prepares and selects adequate materials of instruction and guides. 
. The staff works with the community in planning the school curriculum 


1 Kimball Wiles, Supervision for Better Schools, 
(New York: Prentice Hall, Inc., 1950). 
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I 
IV 


SPECIFIC OBJECTIVES AND EVALUATION CRITERIA BASED UPON THESE OBJECTIVES 


I. The staff improves the learning situation for children through an adequate program 


of self-improvement. 


Objectives of school staff 


The staff: 
1. makes a critical analysis and clarification of 
their philosophy of education 


2. plans a long range in-service training pro- 
gram 


3. studies and evaluates techniques of instruc- 


tion such as 
a. democratic procedures in the classroom 


b. use of available resources 


c. attention to individual differences 


d. evaluation of results in order to deter- 
mine progress of each child 


. participates in meetings such as 
a. regularly scheduled in-service classes 


bh, general meetings of 
(1) teachers of high school mathematics 
(2) teachers on grade levels 
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Evaluation criteria for 
city-wide supervisor 


. Am I acquainted with the philosophy of 


the district and with this philosophy as it 
operates within the individual school? 


. Have I tried to express my own philosophy 


as it applies to education in general and 
to mathematics? 


. How does my philosophy compare with the 


philosophy of the district? What are the 
similarities? What are the differences? 


. Have teachers had a share in planning the 


in-service program set up for the district? 


. Have I sought help in the in-service train- 


ing of teachers of mathematics other than 
regular classes 

(1) from teachers? 

(2) from colleges? 

(3) from the community? 


. Have I a long range in-service training pro- 


gram planned which will be available to 
teachers of mathematics? 


. Have I given help to teachers in the use of 


teacher-pupil planning? 


. (1) Is there a list of available resources in 


mathematics? 

(2) Is there evidence of the use of con- 
crete materials in teaching mathe- 
matics? 


. What are the evidences that more atten- 


tion is being paid to individual differences 
than five years ago? 


. What are the evidences that pupils are 


learning more mathematics now than five 
years ago? 


. (1) Have I used teachers in the system as 


resource people in these classes? 
Have they been well attended? 

How many general meetings have I 
called this year? 

Were they optional? 

How well attended were they? 

Was opportunity given for teachers to 
ask questions? 

Did they share experiences and mate- 
rials? 

Were the meetings teacher planned? 
Were these meetings evaluated by 
those who attended? 

Were the reactions from these meet- 
ings favorable? 

Did I get and use suggestions for im- 
provement of the meetings? 


| 

(2) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 


5. 


6. 


c. professional faculty meetinge 


d. conferences 


plans demonstrations and inter-visitations. 


uses outside consultants 


. orients new staff members 


. studies how experienced teachers profit from 


their day-to-day experiences 


. studies and practices group dynamics 


. constantly evaluates their program of self- 
improvement 


5a. 


6a. 


b. 


c. 


10a. 


. (1) In approximately what per cent of the 


faculty meetings attended was I aware 
of the problems of the school? 

(2) Was the discussion centered around 
vital problems suggested by the teach- 
ers? 

(3) Have I made any follow-up of these 
meetings? 


. (1) Have individual conferences generally 


been suggested by the teacher? 

(2) Have I had favorable reactions from 
these? 

(3) Have I asked for and used suggestions 
for improving these? 

Did my demonstrations grow out of the 

teacher’s needs? 


. Did I prevent a feeling on the part of the 


children that the teacher was inadequate? 


. (1) Have I planned inter-visitations? 


(2) Was it preceded and followed by a con- 
ference? 

(3) Has it resulted in better classroom 
situations? 


. Have I asked for and used suggestions for 


improvement? 

Have my services been used to: 

(1) help evaluate a program to determine 
the problem? 

(2) help limit the problems? 

(3) introduce the problem as an outsider? 

(4) provide additional resources? 

(5) provide specific information? 

(6) measure progress? 

(7) help evaluate work that has been ac- 
complished? 

(8) help determine next step? 


. Do all principals ask freely for my assist- 


ance? 


. Have I asked for and used suggestions for 


improvement of my service as a consult- 
ant? 


. Have I assisted in the orientation program? 
. Have I had definite plans for assisting new 


staff members? 


. Have I eliminated the obstacles which I 


have encountered in assisting these new 
people? 


. Have I asked the new staff to suggest ways 


of orienting the next year’s teachers? 


. Do I build a teacher upon his strengths? 
. Do I help inexperienced teachers to profit 


from the success of the experienced person? 


. Can I discover strengths of teachers and 


share them with others? 


. Do I relinquish the leadership to others 


within the group? 

Do I allow the group affected by a decision 
to help make it? 

Am I a good member of a group in a non- 
leader role? 

Have I been asked to assist in establishing 
criteria for judging the improvement of in- 
struction? 


. What tangible evidence is there that the 


staff is evaluating its program? 
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7 7a 
b 
8a 
b 
a 


. makesacritical analysis of individual charac- 
teristics which make for success in the posi- 
tions which they hold 


. The staff works cooperatively on a program of 


Objectives of school staff 


The staff: 
1. improves the physical setup 


. is willing to try new procedures 


3. provides adequate diagnostic and remedial 


measures in the skills 


. evaluates pupil growth 


. knows how we learn and applies this know]- 
edge in learning situations within the school 


6. recognizes and provides for all children 
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Have I helped the staff to improve in the 
following characteristics? 


. Pleasant reaction to unpleasant situations. 
. Co-operation with the school and the com- 


munity. 


», Attention to physical appearance and com- 


fort in the room. 


. Appearance. 
. Professional attitude. 


child growth and development. 


Evaluation criteria for 
city-wide supervisor 


What evidence is there in the rooms that 
mathematics is a live subject? 


. Have I helped the staff to experiment? 
. Have I helped the staff to evaluate results 


of these experiments? 


. How many of these: 


(1) have resulted in improved procedures? 
(2) have been discontinued? 


. Have I given assistance in the use of tests? 
. Have I given assistance in diagnostic and 


remedial work? 


». Have I helped the staff become more re- 


sourceful in preparation and use of diag- 
nosis? 


. Is the staff becoming more interested in 


the child than in the mathematics which 
they are teaching? 


. What concrete evidence is there to show 


that pupil growth has been evaluated? 


:. Have I helped the staff to improve its pro- 


cedures for evaluating growth? 


. Do I apply the laws of learning as I work 


with teachers as an example to them? 

(1) Have I helped the teachers set up 
goals for learning situations? 

(2) Do I recognize the teacher’s goal? 

(3) Do I realize that the teacher’s goal 
may not be the goal which I have for 
that teacher? 

(4) Do I encourage teachers to experi- 
ment? 

(5) Do teachers know that I will recognize 
an apparently unsuccessful experiment 
as a step in the learning process? 

(6) DoI help the teacher to recognize suc- 
cess and establish new goals? 


. Have I helped the staff know and apply 


laws of learning in relation to pupils, just 
as I use it in relation to teachers? 


What provisions have I helped teachers 
make for 


. the slow learner? 
. the gifted? 
. the emotionally disturbed child? 


a 
b 
e 
2a 
b 
3a 
b 
$$ 
6. 
al 
b 


Objectives of school staff 
The staff: 
1. takes an inventory of needs 


2. selects criteria for textbook adoptions 


3. prepares and uses materials: 
a. units 
b. bulletins 
c. guides 


d. materials for classroom use 


e. bibliographies 


4. continually examines and evaluates new 
teaching materials as they appear 


5. becomes familiar with materials already 
available 


Objectives of school staff 
The staff: 
1. plans the use of community resources 


2. conducts study groups with members of the 
community 


3. Gets consensus of school and community in 
establishing goals, formulating procedures, 
and evaluating progress 


4. Maintains membership in civic organiza- 
tions 


III. The staff prepares and selects adequate materials of instruction and guides. 


la. 


la. 
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Evaluation criteria for 
city-wide supervisor 
Do I know the needs of teachers for mate- 
rials in general and in specific buildings? 


. Have I helped the staff become skilled in 


the selection of materials? 


. Have the criteria set up for textbook adop- 


tion taken into account recent research? 


. Have I helped the staff set up and apply 


these criteria to the selection of books? 


. Are the units the result of actual classroom 


experiences? 


. Do these serve a definite purpose? 
. (1) Is it short? 


(2) Is it definite? 
(3) Was it planned co-operatively? 
(4) Are helps easily found? 


. Is opportunity provided for teachers to 


construct classroom materials? 


. (1) Are they available to teachers? 


(2) Are resources mentioned available. 


. Am I acquainted with recent materials and 


research? 


. Do I publicize new materials? 
. Have I stimulated the staff to search for 


new materials? 


. Have I set up with them criteria for critical 


evaluation of materials? 


. Have I made an inventory of the use of 


available materials of instruction? 


. Have I publicized such material? 
. Have I encouraged the staff to use them? 
. Have I been asked frequently to assist 


with the use of new materials? 


IV. The staff works with the community in planning the school curriculum. 


Evaluation criteria for 
city-wide supervisor 
Have I made available community re- 
sources in mathematics? 


. Have I helped the staff to plan the use of 


community resources? 


. Have I been invited to participate in com- 


munity study groups? 


. Have these been constructive rather than 


of a defensive nature? 


. Have I helped the staff plan study groups? 
. Have I urged teacher use in study groups? 
. Have I used the community on mathe- 


matics committees? 


. Have I helped the staff work with the com- 


munity in formulating procedures? 


. Have I helped the staff make the com- 


munity aware of constant evaluation of 
progress? 


. Have I encouraged the use of pupils in 


these activities? 


. DoT have affiliation with some civic groups 


and meet and recognize members of the 
staff there? 


. Is it active participation or merely mem- 


bership? 


. Have I helped teachers find their place in 


civic life? 


C 
Cc 
d 
3a 
| 


A. 


A SIX-YEAR PROGRAM OF SUPERVISION 
BASED UPON THE EVIDENCE COLLECTED IN THE EVALUATION 


I. As it relates to in-service training of school personnel: 


Teachers 

1. Plan a long range in-service training pro- 
gram in co-operation with teachers and 
principals. 

. Use outstanding teachers as leaders of 
in-service classes 

. Recognize and publicize the strengths of 
teachers. 

. Plan more inter-visitations, particularly 
on the high school level. 

. Hold area meetings as demand warrants. 

i. Make more opportunities for casual 
visits to establish contacts with teachers 
and principals who do not welcome 
supervision by a supervisor not directly 
connected with the individual school. 

. Bring more teacher problems and teacher 
participation into faculty meetings. 

. Improve lines of communication be- 
tween supervisor, principal, and teacher. 

. Use influence where possible to improve 
teacher training on a statewide basis. 

. Co-operate with the national association 
to improve the teaching of mathematics. 


II. As it relates to the child: 


A. 


Experiment further with an arithmetic 
clinic; train and encourage teachers to use 
this approach in a remedial program. 


. Plan with teachers a program for the preven- 


tion of emotional difficulties arising from 
arithmetic. 


. Plan with teachers a program for the gifted 


Il]. As it relates to materials: 


A. 


IV. 


A. 
B. 
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For the classroom 

1. Enlarge the mathematics laboratory 
where teachers may make materials for 
classroom use. 

. Evaluate commercial materials and make 
them available. 

. Encourage the establishment of an arith- 
metic corner in every room, including 
measuring instruments, visual aids, and 
games. 

Build up a mathematical classroom li- 
brary. 


As it relates to public relations: 


Encourage study groups with parents. 

Hold parent conferences when requested to 
discuss any of the child’s mathematical] prob- 
lems. 


B. Myself 


1. Be more aware of opportunities to use 
the group process and of the roles of the 
members of the group. 

. Keep abreast with research in education 
and mathematics. 

. Make a continued effort to see the 
teacher’s viewpoint. 

. Improve the following personal charac- 
teristics which will make my work more 
effective: 

a. Be a “we,” not an “I,’’ person 

b. Co-operate with the other administra- 
tors 

c. Give praise where deserved 

d. Admit errors 

e. Be punctual 

f. Make judgments only after knowing 
all the facts 

g. Be well groomed and appropriately 
dressed 

h. Cultivate outside interests 

. Ask for and use suggestions from teach- 
ers and other administrators. 


in mathematics. 


. Encourage arithmetic near graduation on 


the high school level, both remedial and con- 
sumer. 


). Co-operate with the guidance department in 


making pupils aware of mathematics needs 
and capabilities. 


5. Encourage the use of materials for pupils 
of varying abilities in each classroom 


. For the teacher 


1. Encourage professional libraries. 
2. Issue bulletins regularly. 
3. Encourage and plan for interchange of 
materials and ideas among teachers. 
. Issue a primary arithmetic guide. 
. Co-operate with the state in preparing a 
high school guide. 


. Co-operate with professional people, par- 


ticularly engineers and scientists in en- 
couraging and training adequate personnel 
for the professions. 


&g 


Our national debt reduced 
to 34,253,475 dominions? 


HENRY CLARENCE CHURCHMAN, Council Bluffs, Iowa. 

A steak dinner costing one gold donion? Is it possible? 

While gold donions and dominions (monetary) may be 

for future generations, this article does provide an interesting idea 
for our generation to dream about. 


there has appeared in the 
public press a considered statement that 
it is not illegal to have in your possession 
in the United States of America a twenty-, 
ten-, five-dollar, or any other denomina- 
tion U.S. gold coin. 

As a lawyer I must qualify an approval 
of that statement with an affirmative 
only under certain conditions. It is not 
legal tender. And you may not carry it 
in your pocket as spending money. But 
if you can qualify under the classification 
of numismatist, you may hold it and ex- 
pose it to admirers. And you may transfer 
title to another coin collector, in which 
event you may lawfully exact of him as 
many as thirty-six paper or silver doliars, 
U.S. legal tender, for a twenty-dollar gold 
coin. This is the going price if the coin 
is in fine condition. Wear, tear, or blemish 
will reduce the cost to you and your take 
from another collector. 

The press release, it is possible, was in 
response to a growing public interest in 
the return of the United States of America 
to the gold standard. Actual value of a 
coin, as of a good diamond, is said to 
create in its possessor greater confidence, 
élan, aplomb, a sense of stability. Some 
people think we are substituting for gold 
the higher quality automobiles in America. 
The circulation of gold coins as legal 
tender is lawful in Canada, in England, in 
France, and almost everywhere except in 
the United States. 


Possibly the people of the United States 
of America are turning again to a desire 
to think in terms of intrinsic values, to 
treasure the feel of a gold coin in the 
pocket. 

If that be true, the U.S. Treasury and 
the Congress of the United States are 
faced with a dilemma. 

With the official price of gold pegged at 
approximately $35.00 an ounce (480 
grains), it is not logical to refer to an 
ounce of gold as a “twenty-dollar gold 
piece.”” Practically all of our gold coins 
now have been refined by our U.S. mints, 
converted into gold bullion, and most of it 
stored at Fort Knox, Kentucky. 

It is equally illogical, decimally speak- 
ing, to designate the ounce, half-ounce, 
and quarter-ounce gold coins as “thirty- 
five,” “seventeen-fifty,’’ and “eight-se- 
venty-five’’ pieces.. 

But there is an out—a possible solution. 
The duodecimalists of the world could 
solve the problem easily. And their method 
is not one bit mysterious. Basically, they 
favor counting everything, so far as prac- 
ticable, by dozens. If we, and Canada, and 
Great Britain are of one mind to establish 
an international monetary system of uni- 
form intrinsic values and denominations, 
yet each with its own insignia and country 
of origin stamped upon it, the possibility 
of a new standardized currency, of uni- 
form legal terms and values common to 
all, is present now. 
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New money Pegged 
camel Numerical contents pegged Pegged English money Canadian, 
Pegg U.S. money 
One Dominion (dozen doz. doz. doz. Nions) ly 20,736 shillings $4,976.64 
Half Dominion (six dozen dozen dozen Nions) P 10 ,368 shillings 2,488.32 
Quarter Dominion (three dozen dozen dozen Nions)P 5,184 shillings 1,244.16 
One Minion (one dozen dozen dozen Nions) P 1,728 shillings 414.72 
Half Minion (six dozen dozen Nions) r 864 shillings 207 .36 
Quarter Minion (three dozen dozen Nions) 9 432 shillings 103.68 
One Renion (one dozen dozen Nions) P&G 144 shillings 34.56 
Half Renion (six dozen Nions) P&G 72 shillings 17.28 
Quarter Renion (three dozen Nions) P&G 36 shillings 8.64 
One Donion (one dozen Nions) P&G 12 shillings 2.88 
Half Donion (six Nions) P&S 6 shillings 1.44 
Quarter Donion (three Nions) s 3 shillings 42 
One Nion (one Nion) Ss 1 shilling pegged 
at .24 
Half Nion (six Edonions) Ss 6 pence 12 
Quarter Nion (three Edonions) 8 3 pence .06 
One Edonion (one Edonion) Cc 1 pence .02 
Half Edonion (six Erenions) Cc Half-penny .O1 
Quarter Edonion (three Erenions) A One farthing 
One Erenion (one Erenion) A 


P indicates paper money; G denotes gold coins; S, silver coins; and C, copper coins. A indicates subdivisions 
for accounting purposes, tax levies, etc. The Erenion and the Quarter Edonion (as well as the farthing and the 


US. mill) have no existence as coins. 


Furthermore, any one of these sover- 
eign nations could act separately and es- 
tablish by law its own fixed ‘exchange 
values, or any two could act in concert. 
The United States and Canada are present 
examples of uniform monetary terms and 
values, each nation acting independently. 
If the new monetary system be estab- 
lished, the terms “dollar” and “sovereign,”’ 
for a period of time used concurrently 
with the new currency, will eventually 
disappear. Numismatists, as a group, 
give evidence of the impermanence of 
tens and hundreds of once-popular coins. 

Can you imagine our referring to the 
U.S. national debt of approximately 
$270,000,000,000.00 as 54,253,475 domin- 
ions? (See the table for value of one pro- 
posed dominion.) 

A General Assembly of the state of 
Iowa—I cite from a local source where I 
claim some small knowledge—when the 
millage levy had risen from some sixty 
mills on one thousand dollars of “taxable 
value” to an imposition of over two hun- 
dred mills, quietly changed the method of 
evaluation of property so as to let the 


new millage levy read something less than 
sixty mills on the same property.'! The 
taxpayer, relieved by the reappearance 
of a low millage levy, continued to pay 
the same amount of tax dollars; and the 
new millage continued its historical, 
nation-wide climb toward bigger and 
better tax dollars. 


1In Iowa, it had been directed by law prior to 
1933 that the assessor should depreciate the actual 
value of a forty-acre tract of land to one-fourth its 
actual value (and upon this valuation the levy of ap- 
proximately 200 mills was applied). By change in the 
law, the assessor was directed to omit the step of 
dividing the actual valuation by four. This had the 
effect of quadrupling the assessed value of property, 
enabling local tax levying boards to reduce their 
millage levy by approximately 75 per cent. Its effect 
was, like a local anaesthetic, to deaden the pain while 
continuing a necessary operation. 

Prior to 1933 (Sec. 7109, Code of Iowa 1924, 1927, 
1931), the local assessor was told that ‘All property 
subject to taxation shall be valued at the actual 
value which shall be entered opposite each item, and, 
except as otherwise provided, shall be assessed at 
twenty-five per cent of such actual value. 

By Act of the Forty-fifth General Assembly of 
Iowa (1933), Chapter 121, Sec. 75, the local assessor 
was redirected that ‘All property subject to taxation 
shall be assessed at its actual value which shall be 
entered opposite each item. The terms ‘actual value,’ 
‘assessed value’ and ‘taxable value’ shall hereafter be 
construed as referring to ‘actual value.’ The tax rate 
shall be applied to the actual value, except as other- 
wise provided.” 
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In like manner with the U.S. national 
debt, there is some relief in being able 
once more to confront it in terms of 
millions. 


CANADIAN, UNITED STATES AND 
ENGLISH SMALL COINS CONTRASTED 


In England, from time immemorial 
(probably extending back to the Roman 
occupation), a dozen pence have equalled 
the value of one shilling (24¢ in U.S. or 
Canadian exchange up to 1914). This has 
permitted the English to mint half-shil- 
lings and half-pence. It is also possible to 
divide a shilling or a penny by four and 
get a whole number, free of any fractions. 
Thus, four farthings equal a penny in 
England, and one-fourth of a shilling 
equals three pence. 

In the U.S. and Canada, you cannot 
take one-half or one-fourth of the quarter- 
dollar and avoid a fraction. If two articles 
sell for a quarter-dollar, one should sell 
for 123¢. We do not coin that fraction; 
so the purchaser pays 13¢. 

You cannot divide a nickel in two, or 
15¢ in two. 

England, in the area of our quarter- 
dollar, unquestionably has a more satis- 
factory system than do the U.S. and 
Canada with their cents, nickels, dimes, 
and quarters. England is not likely to 
abandon these advantages. 

There have been some pressures for the 
minting of a U.S. 7}¢ or 23¢ piece. But 
either promises to furnish only partial 
relief and has been shunted aside time 
and time again. 

Now, it is possible, if a new currency 
were set up on the dozenal base, that 
many untold wonders might be enjoyed 
in daily trading, in the exchange of minor 
coins, in the levying of sales taxes—all 
in a field where the small purchaser, the 
first to suffer and the least able to bear it, 
ekes a living. It is, I believe, the half-cent 
of tribute, unavoidable as it now is, that 
cuts deeper into the American common 
mind than a dollar paid for tobacco. 


MECHANICS OF ERECTING THE SYSTEM 


In England, one possible procedure is 
to keep the shilling, and peg it at 24¢ as 
legal tender in England, Canada, and the 
United States of America. Great Britain, 
to do this, might find it necessary to peg 
the pound sterling at $4.80 in U.S. and 
Canadian money. 

Again, the English Parliament might, 
by statute, peg the pound sterling at $2.88 
U.S. and Canadian dollars, and provide 
that it shall equal the value of 12 ‘‘Nions,” 
of 144 “Edonions,” or of 1728 ‘‘Erenions.”’ 

A more practical solution is to coin the 
new gold Donion at $2.88, containing ap- 
proximately 40 grains of gold, and estab- 
lish it as the value of 12 Nions, of 144 
Edonions, or of 1728 Erenions. 

Think of the fractions to be avoided in 
England, in Canada, and in the United 
States. And think of the easing of demand 
for 1¢ coins in the U.S., resulting from the 
increase of small items to 6¢, 12¢, and 18¢, 
if merchants find it unnecessary to give 
2¢, 3¢, or 4¢ in change. Moreover, the 
24¢ item, plus 1¢ sales tax, might be paid 
with our existing quarter-dollar, at least 
during the changeover. 

The ease with which the price of one 
item may be determined, when its value 
by the dozen or the gross is known, should 
not be overlooked. 

But if the shilling in England be pegged 
at 24¢, all coins of lesser value would 
continue their relationship to the shilling, 
and continue to be minted and circulated 
with no thought of eventual retirement. 
However, all coins and currency in Eng- 
land above the shilling, in any. event, 
would be created in new denominations; 
and in Canada and the U.S. all coins and 
currency would be in new denominations. 

The table of proposed paper money and 
gold, silver, and copper coins indicates 
their pegged value in U.S. and Canadian 
currency. For a dozen years, both new and 
old currency might be printed and coined. 
Their related values indicate how easy it 
would be to pay in either or a combination 
of both. 
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Effective mathematics in industry’ 


W. S. BAUMGARTNER, North American Aviation, Inc., 


Downey, California. 


With the existing shortages of technical 


manpower, it is important to know what mathematics 
the industrial community wants the schools to teach. 


IT HAS BEEN my privilege to attend, as a 
representative of industry, several recent 
meetings with high-school and junior- 
college mathematics teachers. The purpose 
of these meetings was to discuss the educa- 
tional requirements of employees in mod- 
ern industry, particularly with reference 
to the student whose education, for one 
reason or another, must end at these 
levels. I believe everyone who attended 
these meetings is convinced that the type 
of employee industry needs has changed 
markedly in recent years and will continue 
to change in the foreseeable future. An 
acute and increasing shortage exists in the 
supply of people with adequate educa- 
tional backgrounds for the type of work 
we now require, while fewer and fewer 
jobs are available for the unskilled person. 
Company educational programs can help 
with specific training, but for necessary 
mathematics and basic science we must 
depend on our high schools. I hope to out- 
line some of the most frequently needed— 
and often missing—mathematics. 

Let me make clear at this point that I 
most certainly recommend that whenever 
possible the student should complete col- 
lege. In most branches of engineering we 
have five jobs per graduate and the situa- 
tion is worsening. However, not all 
students find it possible te complete col- 
lege. Some find it financially impossible, 
and some are not well adapted to educa- 


1 Address given at the California Conference for 
Teachers of Mathematics, July, 1955. 


tion at this level. We do not need college 
trained engineers for all our technical 
work. A ratio of five technicians to one 
engineer is considered desirable, and there 
is no doubt that many companies find it 
difficult to make maximum utilization of 
searce engineers due to lack of technician 
support. Splendid opportunities exist in 
industry for the man without a degree, if 
he possesses a certain minimum education. 
We need machinists, sheet metal layout 
men, tool makers, laboratory assistants, 
electronic technicians, draftsmen, and 
engineering assistants. In any one of these 
classifications the door to advancement is 
open to any man who has the qualifica- 
tions. 

One thing I would like to get across to 
your students—our future employees—is 
the direct relation between their prepara- 
tion and their future rate of pay. Anything 
that affects the pocketbook interests us 
all and is easy to put in terms that we can 
understand. Without necessary educa- 
tional background—and mathematics is 
the basis of this—it is impossible to pro- 
gress to the jobs that mean more pay, 
more security, and less hard uninteresting 
work. I frequently talk with people who, 
after starting their work career, realize 
their deficiencies and bemoan the fact that 
they did not get the education when they 
had an easy opportunity. Some of these 
people are able to get ahead by self- 
instruction or night school, but all will 
agree that this is the hard way and that 
they will suffer considerable delay in their 
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careers. I think any one of them could do 
an excellent job of convincing today’s 
high-school student of the fallacy of fol- 
lowing the easiest course. 

The reasons for increasing educational 
requirements for industrial employees will 
be apparent to anyone who considers the 
changing type of products of our factories. 
Where machine tolerances of .001 inch 
were once considered close, tolerances of 
.0001 inch are now common. Angles are 
measured in seconds. Surface finishes with 
root mean square roughness tolerances of 
a few micro-inches are commonplace. 
Automatic machine control by electronics 
is in regular use. Complicated electronics 
systems requiring testing and maintenance 
are major industrial products. Our supply 
of skilled people must keep pace with our 
technical advancement. 

Before attempting to list the most 
needed shop mathematics, I talked with 
many men in all branches of manufactur- 
ing. These men represented various levels 
of supervision in shops doing sheet metal 
work, precision machine work, assembly, 
electronics, design and engineering. I hope 
by this means to have these recommenda- 
tions represent a cross-section of industry 
rather than any specialized field. I was 
surprised by the simple and basic nature 
of their requests. In fact, I feel I must 
apologize for the low academic level of my 
recommendations. Anyone expecting a 
discussion of the need for matrix algebra or 
LaPlace transforms is due for a disap- 
pointment. 

The following, not necessarily in the 
order of importance, are some of the most 
commonly mentioned deficiencies in math- 
ematics: 


1. Change fractions to decimals 


When this was first mentioned to me 
I thought the man was joking, but as 
it was brought up by almost every 
shop supervisor interviewed it became 
apparent that a real problem exists. 
The superintendent of a large shop 
told of a young man who was sent to 


a sheet metal stock bin to get a piece 
of }#” thick aluminum. After a long 
time he returned to report that there 
was no }” aluminum in the bin, but 
there was a sheet marked .125 that 
looked to be almost an eighth and he 
wondered if that would do. Not only 
should they be able to change frac- 
tions to decimals by the process of 
division, but they should be able to 
think with ease in either system. We 
cannot post enough conversion tables 
to have one visible from all locations! 


2. Major geometric relations 


Such formulae as 


B 
C?= A24B? 
Figure 1 


A=rR? 
Figure 2 
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V =rR*h 
Figure 3 


and others are in such common use as 
to require some knowledge. The exact 
formula needed will depend to some 
extent on the type of work. 


3. Isolate any unknown in an equation 


As an example, consider the familiar 
equation for resonance in a tuned 
circuit: 


F =frequency in cycles per second 
L=inductance in Henries 
C'=capacitance in Farads 


I have seen a man with this formula 
before him and the values of C and L 
known, unable to convert it to 


in order to solve for frequency. I do 
not suggest that the man be able to 
handle difficult or involved equations, 
only simple ones (such as the example) 
which are in everyday use. 


. Solve simple linear equations 


Again I do not suggest the solution of 
difficult or involved equations, only 
simple ones the use of which fall within 
the scope of a technician’s work. A 
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practical example is the selection of 
the correct wattage rating for a re- 
sistor in an electrical circuit. The 
wiring diagram may show a 50,000- 
ohm resistor across a 200-volt circuit. 
In the stockroom there is a choice of 
50,000-ohm resistors with ratings 
ranging from }-watt to 100-watt, size 
from 3/16”X}" to 1”X8", and cost 
from $.10 to $4.00. I have known an 
assembler faced with this problem 
who, although familiar with the ex- 
pressions E=RI and P= EI, was un- 
able to make the simple substitution 
to get the equation P=E?/R which 
he could then solve to find that his 
resistor must handle 4/5 of a watt, 
and the 1-watt size would be his best 
choice. 


5. Understand what a logarithm is and 


how it may be used 


I have never seen an occasion in shop 
work where a logarithm table was 
actually used in the solution of a 
problem. However, a knowledge of 
logarithms is necessary in order to 
understand the operation of the slide 
rule and other analog computing de- 
vices and to grasp the significance of 
the decibel so commonly used in 
sound and electrical work. 


i. Use of the slide rule 


The accuracy of the slide rule is ade- 
quate for the major portion of our 
work, and it is a universally used 
instrument. Its speed makes its use 
mandatory in many operations. Al- 
most every ambitious man sooner or 
later learns to use it by night classes, 
self-instruction, or impromptu classes 
conducted by other employees. It is 
not necessary to learn all of the multi- 
ple operations and short cuts possible 
on the more complex rules, but it 
would be highly desirable for a person 
to do multiplication, division, powers, 
and roots. 


L = —— 
2rFC 
— 
V 


7. Understand and use basic plane trigo- 


nometry 


There is no responsible job in any shop 
that does not require some trigonome- 
try. It is a “must” in any layout or 
drafting job; machinists use it in pre- 
cision measurement; and the elec- 
tronics technician finds it indispensa- 
ble in understanding alternating cur- 
rent circuits. A complete course in 
plane trigonometry may be beyond 
practical limits, but surely the high- 
school graduate should be familiar 
with the functions of angles and how 
trigonometric tables may be used. In 
the case 


“el 


Figure 4 


he should know that: 


sin X =— cos X =>— 
B 
A sin X 
tan X =—= ete 
cos}X 


Figure 5 


The ability to use these simple rela- 
tions will be invaluable. 


. Basic vector algebra 


As an extension of the study of trigo- 
nometry, an understanding of the 
solution of problems in vector algebra 
is desirable. Problems involving 
stresses in any framed structure re- 
quire an understanding of vectors and 
the voltage, and current relations in 
alternating current circuits can be 
explained only by their use. Sufficient 
familiarity with the subject to under- 
stand the relations of the voltages 
Eo, Er, Ec, and Er, shown on the 
schematic diagram and the vector 
diagram, will be adequate (Fig. 5). 


. Graphical analysis and presentation of 


data 


More and more data and statistical 
information is being recorded or pre- 
sented graphically. This is done to 
clearly and quickly show trends and 
because complex data, if presented 
numerically, would be too cumber- 
some. Much data is now automatically 
recorded graphically as a plot of a 
variable against time or one variable 
against another. The oscilloscope, so 
widely used in analytical work, is a 
common form of graphical presenta- 
tion. The ability to think in terms of 
graphs as well as prepare them is 
desirable, 
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10. Use of negative and positive powers of 
10 
This is a simple and very useful tool to 
avoid decimal point errors in complex 
solutions. Unfortunately, it is seldom 
used. Substituting in an equation, we 
may come up with an expression 


x £00369) (8.27) (10,000) 
(9000014) (3.44) 


Solution of this expression as it is in- 
vites decimal point error. However, if 
the expression is rewritten as 
_ (3.69) (10-4) (8.27) (104) 
(1.4) (10-) (3.44) 
(3.69) (8.27) (10°) 
(1.4) (3-44) 


it is easily solved with small chance for 
error. 


The preceding recommendations by no 
means constitute a mathematical educa- 
tion; they are merely common weaknesses 
noted in many high-school graduates. In 
general, industry would prefer people 


thoroughly grounded in and able to use 
the more ordinary kinds of mathematics, 
to those with a poor and unusable knowl- 
edge in a wider field. Certainly any steps 
that can be taken to improve the students’ 
facility in using common mathematics 
will be appreciated by our supervisors and 
will materially improve the employees’ 
chances for advancement. 

I find from the mathematics teachers 
that a major problem exists in convincing 
the student of the desirability of securing 
an adequate mathematics background. 
Admittedly the mathematics course is 
more difficult and requires more study 
than many others, and there is a tendency 
to elect the easier courses and make only 
a minimum effort in the mathematics that 
is required. I think this is a common 
problem in human nature. We are willing 
to put forth effort only if we feel sure of an 
adequate return. Perhaps our problem is 
to show the student that he will receive an 
adequate return for his effort. To this end 
it has been a pleasure to take part in dis- 
cussions with many teachers, and if we 
have made even a little progress, I am sure 
it has been worthwhile. 


Algebra 


What does Algebra mean? 


Add or subtract to find someone’s scheme. 
I have y and I have z 

Now by golly, what comes next? 

This is what Algebra means. 


I struggle and fight 
Stay up all night. 


Finally I get my answer right. 
This is what Algebra means. 


Upon this thought, sweet and pure, 
You may often and long endure: 
For without Algebra you see, 

Next year there will be no Plane G. 


—Jacqueline Yon, Altoona Senior High School, 


Altoona, Pennsylvania. 
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Desirable alterations in order and 


emphasis of certain topics tn algebra 


RALPH BEATLEY, Harvard University, Cambridge, Massachusetts. 
The 1950's are transitive years for high-school and 

college mathematics. Here are some suggestions 

for desirable changes in the present courses. 


AT TIMES ONE is asked, “Will modern 
mathematics effect changes in high-school 
algebra?” Taken literally, this invites one 
to guess what the future will bring forth. I 
believe that the real intent of such ques- 
tions is to ask, ‘‘What desirable alterations 
in order and emphasis of the topics of high- 
school algebra are suggested by recent 
trends in college mathematics?” It is this 
subject that I propose to consider. 

First of all, what are these trends? As I 
look back over the last 30 years, I see the 
gradual disappearance of college algebra 
from Freshman mathematics and the in- 
troduction of more and more calculus in 
the Freshman year. Concomitantly, I note 
the intrusion of secondary-school algebra 
into the Freshman year, often under the 
label “College Algebra.”’ If this is a mod- 
ern trend, it is also a return to the custom 
of 150 years ago. I hope that this is only a 
temporary aberration, soon to be cor- 
rected by better educational theory and 
practice at the secondary level. In any 
case it does not concern this discussion, 
so I will not revert to it. I see a marked 
increase in instruction in statistics, and, in 
the last few years, the offering of instruc- 
tion in statistics to Freshmen as alterna- 
tive to some of the calculus of the Fresh- 
man year, with the aim of serving those 
whose interest is primarily in the social 
studies rather than in the physical sci- 
ences. I see the supplanting of instruction 
in “the theory of equations” by instruc- 
tion in abstract algebra or “higher alge- 


bra,’ which is “higher” than “college 
algebra” and is concerned in part with the 
logical structure of algebras. 

Having noted these trends, I am ready 
now to consider what they suggest with 
respect to high-school algebra. In doing so, 
I shall have in mind every pupil who can 
fairly be expected to derive some benefit 
from the study of algebra beyond the first 
half-year of instruction in that subject, 
regardless of his or her ultimate enrollment 
in a college. This first half-year of algebra, 
sixteen weeks or so, is ordinarily devoted 
to formulas, graphs, equations, and prob- 
lems, all with unsigned numbers; negative 
numbers and operations on signed num- 
bers; equations, graphs of equations, and 
problems the solution of which may in- 
volve signed numbers. I would leave all 
this as it is. 

When we come to the second half-year 
of algebra, however, which is ordinarily 
devoted to factors, fractions, fractional 
equations, equations with literal coeffi- 
cients, simultaneous equations of the first 
degree, radicals, and the first steps in 
solving quadratic equations, there is, as I 
see it, a conflict of interests. There is little 
in these topics that I have just listed that 
touches closely the lives of the pupils who 
study them. This objection is not enough, 
in my opinion, to condemn these topics as 
inappropriate for the second half-year of 
algebra. Yet I wish that they had more 
immediate appeal for the pupils. In the 
case of those who will go on to college and 
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become interested in science or in the 
social studies, a thorough grounding in the 
fundamentals of elementary algebra is 
absolutely necessary. Even so, I think it is 
possible that mastery of these funda- 
mentals can be won in a significantly 
shorter time than my colleagues and I 
devoted to them when I was teaching 
secondary-school mathematics. In any 
ease, I should prefer to insert ahead of the 
usual topics of the second half-year what- 
ever important topics in algebra I can find 
that seem to touch the pupils’ lives more 
closely. I want material that is of in- 
trinsic interest to the pupil, or of interest 
because it is immediately useful to him. I 
hope in this way to increase the appeal and 
the value of algebra at this level, not only 
to bright pupils and to average pupils, but 
also to some of the faithful who are slightly 
below average in intellectual power. 

I have never forgotten a remark by 
David Eugene Smith that, from the point 
of view of difficulty, there is no reason why 
the arithmétic and geometric progressions 
should not appear much earlier in ele- 
mentary algebra. I suppose it is our pre- 
occupation with equations in the body of 
elementary algebra that has relegated the 
progressions to a sort of appendix to 
elementary algebra, along with the bi- 
nomial theorem. To my mind, and I be- 
lieve to many pupils also, the progressions 
are interesting for their own sake because 
of the number relations inherent in them. 
I note that the progressions often appear 
in general intelligence tests where no 
special knowledge of mathematics is pre- 
supposed. 

Closely related to the progressions are 
the three averages—the arithmétic mean, 
the geometric mean, and the harmonic 
mean. Most pupils assert with confidence 
that an automobile that goes at the rate 
of 20 miles per hour for one hour and then 
at the rate of 30 miles per hour for one 
hour has an average speed of 25 miles per 
hour for the two hours. At this point they 
feel no need to contemplate the real 
meaning of the average of several numbers 
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as a single number that, when substituted 
for each one of the several, will produce the 
same result. They either pick the number 
midway between 20 and 30, or add 20 and 
30 and divide by 2. But when confronted 
with the problem of finding the average 
speed of an automobile that goes uphill at 
the rate of 20 miles per hour for 1 mile and 
then downhill at the rate of 30 miles per 
hour for 1 mile, they are baffled unless 
they go back to first principles and divide 
the total distance by the total time in 
order to find the average speed. Their 
answer, 24 miles per hour, can be shown to 
be the harmonic mean of 20 and 30, the 
reciprocal of the arithmétic mean of the 
reciprocals of the given rates. 

A third problem, that of finding the 
average rate of increase of a population 
over a span of three decades which in- 
creases by 4 per cent in the first decade, 
by 6 per cent in the second decade, and by 
3 per cent in the third decade, is of still a 
different sort and yet fundamentally the 
same in that it seeks a number that, when 
substituted for 1.04, 1.06, 1.03, will in- 
crease the population by the same amount 
in three decades. This number is the cube 
root of the product of 1.04, 1.06, 1.03; that 
is, it is the geometric mean of these three 
numbers. These averages involve ideas 
that are obviously useful; and the content 
of two of my examples is close to the pu- 
pils’ lives. When considered in greater 
detail than I can go into here, these 
averages also involve algebra. Further, 
there is a symmetry between the algebra 
of the arithmétic mean (a+b+c)/3 and 
of the geometric mean Y/abe that the 
pupil ought to observe and contemplate. 
And finally, the geometric mean of two 
numbers is also the geometric mean of 
their arithmétic mean and their harmonic 
mean. 

Continuing my search for problems that 
are close to the pupils’ lives and at the 
same time lead to important algebraic 
ways of thinking, I considered the parlor 
games and team games that these pupils 
play and the dial telephones that link the 


. a 4. 
| 
i 


lives of so many of them. To find the 
number of games 5 teams must play in 
order that each team may play every 
other team once, to consider the relative 
advantage of letters and numbers for dial 
telephones, these and similar inquiries 
suggest the possibility of introducing 
pupils early in their second half-year of 
algebra to the simplest ideas of permuta- 
tions and combinations. Here is a topic of 
wide appeal even to laymen. Its few tech- 
nicalities are not dependent on the rest of 
algebra. In this topic everyone, old or 
young, is a beginner. 

This then is my suggestion for the sec- 
ond half-year of algebra: that we begin 
with the progressions, the averages, and 
permutations and combinations. Seven 
days, more or less, devoted to each of 
these three topics would consume four 
weeks of the second half-year. I would find 
these four weeks by taking four weeks 
from the sixteen weeks or more of the 
second half-year now devoted to factors, 
fractions, radicals, and the several sorts 
of equations that I listed earlier. 

I recognize the importance of all the 
material customarily included in this 
second half-year. I would not injure any 
part of it. I believe, however, that the 
progressions, the averages, and the per- 
mutations and combinations will come 
closer to the pupils’ lives and will be likely 
to come back from time to time to these 
pupils in their adult life in a way that will 
make them appreciate the brief instruction 
they once received in these topics. 

I believe further that the interest these 
topics engender will help to retain more 
pupils in elementary algebra. 

Lastly, I believe that the reduction by 
about one-quarter in the time ordinarily 
devoted to factors, fractions, and the rest 
need not operate to rob the pupils of any 
important value or skill or make these 
pupils less competent to handle mathe- 
matics in college, if I may mention that 
relatively narrow but by no means trivial 
objective. 

As one who has taught Freshman and 


Sophomore mathematics at Harvard and 
Radcliffe for more than 30 years, I am 
sensitive to the value of a thorough 
grounding in the fundamentals of algebra. 
I believe that my colleagues in the De- 
partment of Mathematics at Harvard 
would be content if entering Freshmen 
had uniformly sure command of the 
simple fundamentals of algebra. Apart 
from this, the most glaring weakness that 
I observe in my pupils with respect to alge- 
bra is their relative lack of power to keep 
on wrestling with a difficult problem. 
Many of them crumple too soon. They 
seem not to have been trained to face 
tasks that demand sustained effort. They 
give the impression of having been bright 
enough to do their assignments on the 
school bus or street car and of having been 
too rarely confronted with an assignment 
that could not be disposed of so easily, but 
really challenged all their powers. This 
kind of training is not conditioned by 
choice of topic. It is possible in connection 
with any topic. 

If in my consideration of this second 
half-year of algebra I seem to some extent 
to prefer those pupils who threaten to 
desert algebra as soon as it seems to lose 
touch with their world, I would ask if any 
one of the topics I suggest for insertion in 
advance of factoring, fractions, and the 
rest is not also of interest and importance 
for those pupils who are more apt in 
mathematics and therefore require fewer 
immediate rewards as stimuli to persever- 
ance in things algebraic. 

In beginning this discussion I mentioned 
a conflict of interests. I had in mind the 
immediate interests of ninth-grade pupils 
and also the deferred interest of many of 
these same pupils that they be adequately 
prepared for college. My proposal for the 
second half-year of algebra reflects my 
sincere desire to resolve this conflict. 

And now a few words about the second 
year of algebra, most commonly taught in 
the eleventh grade. In some way I should 
like to see time provided for instruction in 
the basic ideas of statistics. In making this 
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suggestion I am guided by the ideas of Dr. 
A. L. O'Toole in his doctoral dissertation 
submitted to the faculty of the Harvard 
Graduate School of Education in 1952. I 
hope first of all that the instruction in 
statistics could pay its own way, in part at 
least, by counting also as instruction in 
algebra. I am not prepared at this time to 
go into the academic bookkeeping that 
must be gone into once this suggestion is 
taken up seriously. I hope, secondly, that 
the instruction in statistics would not 
imitate present courses given at the col- 
lege level. In the case of high-school pupils 
the instruction must be more informal and 
more concrete. I should want it to empha- 
size a few fundamental ideas only. I 
should want the pupils to become per- 
sonally involved in the selection of the 
inquiries they will make as basis for the 
statistical procedures they are to learn, 
and to be personally involved in whatever 
activities of a statistical sort their in- 
quiries may lead to. 

Dr. O’Toole would emphasize from the 
outset the importance of the ideas “‘uni- 
verse” and “sample,” and he would lead 
the pupils to appreciate through their own 
personal experience the significance of 
these ideas. For example, from a universe 
of 5,000 black beads and white beads, he 
would have the pupils draw many samples 
of 250 beads each. The drawing of the 
samples must be carefully supervised to 
insure that every bead is equally likely to 
be included in each sample. Indeed, any 
sampling technique that excludes the 
operation of the laws of probability is 
necessarily defective. Beginning with a 
universe in which the proportion of white 
to black beads is known, the pupils, by 
actually comparing each sample with the 
known universe, acquire the idea of sam- 
pling error. Then, using a universe in 
which the proportion of white beads to 
black beads is not known, the pupils meet 
the ordinary practical situation in which 
a sample is used to afford an estimate of 
the nature of the universe. In this sort of 
situation the pupils must recognize the 


importance of two controlling ideas. The 
first of these is that the proportions ob- 
tained from a large number of samples 
cluster around the unknown proportion 
of white to black beads in the universe from 
which the samples were drawn. The 
second idea is that the reliability of the 
proportion that is obtained from a single 
sample, and that is offered as estimate of 
the unknown proportion in the universe, 
can be indicated by some measure of the 
variation in the clustering (or distribution) 
of the proportions obtained from a large 
number of samples. By contemplation of 
the samples that they have actually drawn 
from the universe of white beads and black 
beads, the pupils learn the nature of the 
risk that is involved in making a conclu- 
sion based on a sample from a universe. I 
omit further details; but you can see the 
possibility of relating this subject to some 
elementary ideas concerning probability 
and to the binomial theorem. 

In both my proposal for the second half- 
year of algebra and in my suggestion of 
statistics in the second year of algebra, I 
am trying to conserve all of the tradi- 
tional algebra that is important to those 
who will be interested in the physical 
sciences and at the same time make pro- 
vision for those who will be interested in 
the social studies. I believe that this 
country will have increasing need of per- 
sons well trained in each of these broad 
areas, and I would have the high schools 
do their best to provide the mathematics 
essential to each area. 

In addition to the foregoing proposals, 
I wish to add a word or two concerning the 
recent growth of interest in symbolic logic 
and abstract algebra without suggesting 
that we ought to do much about these 
matters at the high-school level. I cling 
tenaciously to the opinion that a pupil’s 
first experience with an abstract logical 
system had better be in connection with 
demonstrative geometry, where the ab- 
stractions can be tempered by reference to 
pictorial aids. I think it is a rare pupil at 
the high-school level who can derive bene- 
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fit from contact with symbolic logic as 
such. I do wish, however, that the bright- 
est pupils could learn that the logical 
structure of demonstrative geometry is 
matched by a logical structure of arith- 
metic and algebra. 

With this in mind, I suggest that some 
pupils, before quitting their second year of 
algebra which ordinarily comes after they 
have studied demonstrative geometry, can 
consider more closely how negative num- 
bers were introduced into algebra. They 
will see that the introduction of these 
numbers was wholly arbitrary, but made 


with the agreement of all interested 
parties. I further suggest that these pupils 
can then think back to the introduction of 
fractions into arithmetic and can appre- 
ciate that these numbers are equally 
arbitrary in origin and bear the same rela- 
tion to multiplication and division that 
negative numbers bear to addition and 
subtraction. I say nothing about addi- 
tional time allowance for these ideas. To 
the extent that they can be communicated, 
the communication requires not so much 
labored exposition as deftness by teachers 
and imagination by pupils. 


Let’s look at language 


Do some of your pupils interchange the 
words “perimeter” and “area’’? It seems that 
frequently pupils do confound the two, comput- 
ing an area when the situation requires a 
perimeter and calculating a perimeter when the 
problem involves an area. 

Among numerous procedures that con- 
tribute to effective teaching, the study of the 
origins of words deserves some attention. What, 
for example, are the backgrounds of ‘‘perimeter”’ 
and “‘area’’? 

When pupils investigate plane figures, they 
rightly regard outer boundaries as important. 
By their outlines, of course, geometric figures 
are known. A rectangle 10 inches long and 2 
inches wide, for instance, differs considerably 
from a rectangle 5 inches long and 4 inches wide. 
Applications such as the framing of pictures, 
the edging of handkerchiefs, and the fencing 
of fields, abound. Whenever people measure 
around a figure, they employ ideas for which the 
Greeks had an appropriate name. 

For in Greek measure” is metron and 
“around” is pert. Accordingly, after pupils have 
“measured around” a sufficient number of ob- 
jects they know the idea well enough to accept 
and retain the name for the idea. Whether the 
name is Greek or English matters less than 
pupils’ possession of the perimetric principle. 
Perimeter is around-measure. 

Closely similar to the word “perimeter’’ is 
the word “‘periphery.”” Here the original mean- 
ings differ only slightly. Whereas pert +metron 
means measure around,” peri+pherein 
means “to carry around.” 

What did the ancients carry around? Even a 
modest imagination suffices to adduce some pos- 
sibilities. Sentries carried their weapons with 
them around the camp; oxen bore yokes around 
the field; penitent pilgrims bore burdens around 
the shrine. Even the surveyors probably had to 


carry some instruments around to determine an 
around-measure, or perimeter. 

So “periphery” and ‘‘perimeter”’ seem some- 
what the same. The latter word, however, re- 
mained a technical word, whereas the former 
acquired several senses, some of them figura- 
tive. Although ‘‘periphery” can refer to a 
perimeter, it may also suggest the coastline of 
Greenland, the surface of an orange, or a vague 
boundary of human consciousness. In still other 
contexts it denotes a circumference. 

All of which brings us to yet another word. 
“Circumference” arose as almost an exact Latin 
counterpart of the originally Greek ‘“‘periphery.” 
Here the etymology is as simple as circum +ferre, 
or “around” + ‘‘to bear.”’ 

The related Latin noun circus designated a 
ring, oval, or circle. Accordingly, “circumfer- 
ence’”’ at one time in English connoted almost 
anything round: the outside of a sphere, a 
spheroidal surface, an arc, even a circuitous 
course or process! 

Figurative uses of “circumference” have not, 
of course, disappeared entirely. A pupil in a 
paper averred that “under other circumferences 
the youth may not have become a criminal.” 
The surprising sequel to this apparent boner is 
that “circumference” as environment is not at 
all unreasonable. At least unabridged diction- 
aries list such a usage. 

But by far the most used sense links “‘circum- 
ference’’ to its close relative, ‘‘circle.’’ In fact, 
the line representing the circumference of a 
circle is the circle. This meaning, together with 
the formula c = zd, is grist for almost any mathe- 
matical mill. 

Indeed, what would school be like if ‘‘area,’’ 
“circumference,” ‘‘perimeter,” and ‘“‘periphery”’ 
all suddenly disappeared from courses of study? 
—I. H. Brune, Iowa State Teachers College, 
Cedar Falls, Iowa. 
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THE CRITICAL SHORTAGE Of scientific per- 
sonnel has caused many persons to seek 
and quote statistics on the number of 
pupils enrolled in mathematics. Many 
times the statements seem to be con- 
tradictory. What is the cause of these 
apparent discrepancies? There may be two 
basic causes. The data may be out of date, 
or the data may be misinterpreted. 

A glance at the recent data below may 
cause one to assume that the number of 
pupils enrolled in algebra has decreased 
over the years. A second look will inform 
the observer that the decrease is in per- 
centages. 

Per cent of pupils in the last 4 years of public 
secondary day schools who are enrolled in cer- 


tain courses in mathematics, 
1889-90 to 1954-55. 


Year Algebra Geometry 
1890! 45.4 21.3 1.9 
1900 56.3 27.4 1.9 
1910 56.9 30.9 1.9 
1915 48.8 26.5 1.5 
1922 40.2 22.7 1.5 
1928 35.2 19.8 1.3 
1934 30.4 1.3 
1949 26.8 12.8 2.0 
1952-1953? 24.6 11.6 
1954-1955* 24.8 11.4 2.6 


1 Biennial Survey of Education in the United States, 
1948-60 (Washington: United States Government 
Printing Office, 1951), Chap. 5, p. 107. (Federal Se- 
curity Agency, Office of Education) 

2 Mathematics in Public High Schools, Bulletin 
1953, No. 5, U. S. Department of Health, Education, 
and Welfare, Washington 25, D. C., p. 34. 

3 Estimate based on this study. 
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National enrollments 
in high school mathematics 


KENNETH E. BROWN, U.S. Office of Education, Washington, D. C. 
This is a lesson in interpreting statistics 


of vital interest to those interested 
in our manpower shortage. 


It will be recalled that the number of 
pupils in high school has increased rapidly 
over the years; therefore, the percentage 
of pupils in a subject may have remained 
constant or even decreased and the num- 
ber of pupils actually increased. This is 
true in the case of algebra. The actual 
number enrolled in algebra (elementary 
and advanced) was approximately 
1,449,000 in 1949, and five years later it 
was approximately 1,636,000. The per cent 
of pupils enrolled in trigonometry has re- 
mained rather constant, yet the number of 
pupils enrolled has increased fifteen-fold 
since 1900. 

Also a casual reader of the table might 
conclude that only about one out of ten 
high-school pupils takes geometry. Such 
is not the case. The table indicates that, in 
the fall of 1954, 11.4 per cent of all the 
persons in the last four years of high school 
were enrolled in geometry—plane and 
solid. Of course, 100 per cent would not 
be possible, since all pupils were not eli- 
gible to take the subject at that time. Cer- 
tainly most ninth-grade pupils would not 
take plane geometry, and many eleventh- 
grade pupils would have taken it the pre- 
vious year. 

Perhaps a less distorted picture of the 
enrollments in mathematics is given by 
using the number of pupils in the grade 
level as a base rather than the total en- 
rollment in the last four years of high 
school. For example, the number of pupils 
enrolled in plane geometry in the fall of 


1954 was 664,100, which is 10 per cent of 
the number of pupils enrolled in the last 
four years of high school; however, this 
number is 37.4 per cent of the number of 
pupils enrolled in the tenth grade—the 
grade in which plane geometry is usually 
taken. It is true that all pupils enrolled in 
plane geometry were not from the tenth 
grade. Many were from the eleventh 
grade. Likewise, many of the tenth-grade 
pupils will take plane geometry the follow- 
ing year. However, it is reasonable to as- 
sume that at least 37.4 per cent of the 
pupils who finish high school will have 
had plane geometry. 

Using the grade level enrollment at 
which the subject is usually offered as the 
base, the percentage of pupils enrolled in 
high-school mathematics is as follows: 

1. The enrollment in general mathe- 
matics (9th grade) is equal to 44.5 per 
cent of the number of pupils in the ninth 
grade. 


2. The enrollment in elementary alge- 
bra is equal to 64.5 per cent of the num- 
ber of pupils in the ninth grade. 

3. The enrollment in plane geometry is 
equal to 37.4 per cent of the number of 
pupils in the tenth grade. 

4. The enrollment in intermediate alge- 
bra is 28.5 per cent of the number of pupils 
in the eleventh grade. 

5. The enrollments in trigonometry 
and in solid geometry were approximately 
13 per cent of the number of pupils in the 
twelfth grade. (The fact that these sub- 
jects are usually half-year courses was 
considered in this estimate.) 

The data above are based on a study‘ 
of a 10 per cent randomly selected sample 
of public secondary day schools. 


* A complete report of this study is available from 
the Publications Inquiry Unit, Office of Education, 
U. S. Department of Health, Education, and Welfare, 
Washington 25, D. C. 


. eleven, twelve, .. .’ 


The English cardinal-number words “eleven” 
and “twelve” appear to be misfits in our num- 
ber-word system. The number words above ten 
seem to be formed of combinations, contrac- 
tions, or words derived from the cardinal words 
one to ten (with the exception of the powers of 
ten: hundred, thousand, million, ete.) and 
eleven and twelve. It should be emphasized that 
the “‘teens,”” when compared to their correspond- 
ing Hindu-Arabic numbers, are reversed in 
order. That is, the units precede the tens in 
these number words. However, the order of the 
number words of the twenties, thirties, forties, 
etc., agrees with that of the corresponding 
Hindu-Arabic numbers. 

But what about eleven and twelve? Why did 
they become a part of our number-word sys- 
tem? Where did they come from? The answers 
are found in the Anglo-Saxon language. Anglo- 


Saxon, sometimes called Old English, is the 
name of the Germanic language spoken in Eng- 
land between the middle of the fifth and the 
middle of the twelfth century. 

The Anglo-Saxon cardinal-number words 
endlefon (“eleven’’) and twelf (‘“‘twelve’’) are ap- 
parently compounded from the cardinals dn 
(“one’’) and twégén (“‘two’’) or twa (“‘two’’) and 
lifan (‘to leave’’). If an individual using a one 
to one relationship had eleven objects to count, 
after counting on the fingers up to ten, he would 
have “one left,” anlif. Hence, endlefon became 
the Anglo-Saxon cardinal-number word for ten 
and “one left,’’ or eleven. Similarily, the form 
“two left,” twalif, after counting on the fingers 
up to ten, became the cardinal-number word 
for ten and ‘‘two left,’’ or twelve. The final on 
of endlefon (‘eleven’) may have been added 
after the analogy of seofon (‘“‘seven’’) and nigon 
(‘nine’”’).—Thomas R. Nealeigh, Roosevelt Junior 
High School, Columbus, Ohio. 
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Concerning the function concept 


ALBERT A. BENNETT, Brown University, Providence, Rhode Island. 
There are relatively recent demands for a change 

in the approach to the definition of a function. This paper 

recalls some of the historical background and 


DurING THE LAST few decades nearly 
every enterprising author of a mathe- 
matics textbook designed for use in the 
secondary school or in the Freshman year 
in college has paid conspicuous homage to 
the function concept. The homage, even 
though it may have been unduly fulsome 
and often superficial, had been long over- 
due. For it has not always been thus. 
D. E. Smith in his remarkable and ency- 
clopedic History of Mathematics (1925) 
devotes Volume II (725 pages) to “Special 
Topics of Elementary Mathematies.”’ Al- 
though 68 major headings cover elemen- 
tary mathematics of the traditional sort 
very thoroughly, the word “function” is 
not even listed in the index. 

There seems no question that in per- 
fecting drill in mathematical techniques, 
teachers have ignored and perhaps re- 
mained unconscious of many broad under- 
lying ideas without which mathematics 
could lay little claim to its historic in- 
clusion among the humanities as a branch 
of philosophy. E. H. Moore of The Uni- 
versity of Chicago a half-century ago, in 
pointing out the importance of emphasiz- 
ing unifying principles such as that of the 
function concept, succeeded in some meas- 
ure in reversing the fashion. He would 
doubtless be disappointed could he note 
how mild has been the reformation in the 
general character of mathematics texts. 
However, other concepts at various logical 
and semantic levels have enjoyed a recent 
resurgence of emphasis: mathematics as a 
mode of communication, approximate 


presents the arguments for a change. 


measurements, statistical methods, mathe- 
matical logic and its special symbolism, 
set theory, and so forth. But let me con- 
fine my remarks to the notion of function. 

No one should be surprised to hear that 
the notion of function has undergone con- 
siderable change in recent history. It is, 
however, naturally highly disturbing to 
find mathematicians of repute making 
discordant statements today as to what 
constitutes a suitable definition of “func- 
tion.”’ Perhaps a glance backward is in 
order. 

“Function” seems to have been once 
the equivalent of the word “power” in the 
sense of algebra. Then the only functions 
of x were the integral powers z’, 2’, etc., 
with the possible inclusion of z'. Later, 
more complicated functions, each given 
by a simple algebraic formula, such as 
z?—3r+2, 1/r, were accepted. 
Prior to the work of Descartes, little at- 
tention was paid to explicit algebraic 
functions as constituting a family. Of an 
apparently quite different sort from these 
algebraic functions even for Descartes, 
were the trigonometric functions and the 
then recently discovered logarithms. On 
the basis of Descartes’ emphasis on alge- 
braic form in what had been viewed as 
pure geometry, it was not many years 
before Newton gathered together a variety 
of well-known cubic curves, previously 
thought independent, each with its own 
special mechanical method of generation, 
and supplemented the list by classifying 
“all” cubic curves. But even then the 
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equation of a conic section seems hardly 
to have been thought of as defining a func- 
tion. 

The century and a half covering the 
work of Euler, Laplace, Legendre, Jacobi, 
Abel, Gauss, and Riemann (to name a 
few) saw an impressive and indeed phe- 
nomenal rise in the prestige of functions 
of a complex variable. The earlier dis- 
covery that the logarithmic function could 
be defined as an indefinite integral, Eu- 
ler’s discovery of the identity, e®=cos @ 
+7 sin 6, and of the extension to nonin- 
tegers of the factorial function, Gauss’ 
study of complex numbers and of the hy- 
pergeometric functions, Jacobi’s thorough 
development of identities and series ex- 
pansions for elliptic functions, Abel’s 
work on integrals and on solution of alge- 
braic equations of the fifth degree, Rie- 
mann’s introduction of the visually sug- 
gestive Riemann surfaces—all of these 
helped to suggest that the functions of 
one or more real variables acquire sym- 
metry and fresh significance when the in- 
dependent arguments are general complex 
numbers. Through the use of Taylor 
series, a common method was at hand for 
studying functions earlier generated in 
entirely different ways. The elementary 
transcendental functions become a recog- 
nized class, while elliptic functions, the 
Gamma function, and the potential func- 
tions of Legendre became outstanding ex- 
amples of higher transcendental functions. 
Euler’s early acceptance of implicit defi- 
nitions, defined not only by algebraic but 
also by differential equations, made mul- 
tiple-valued functions no less acceptable 
then single-valued functions. Later work 
by Lie on infinitesimal groups accepted, 
without qualms, conditions of differentia- 
bility. The extraordinary success of Gauss 
in studying differential geometry seemed 
added reason for thinking that differen- 
tiability is a natural property of all re- 
spectable functions. To reject this prop- 
erty, like rejecting the principle of ex- 
cluded middle, could be expected to lead 
only to bizarre and fruitless disputation. 


Euler may be said to have glorified the 
formula and to have provided by his own 
success an ideal for many later investi- 
gators to follow. The mere existence in the 
complex domain, of the derivative of a 
function of a complex variable at a given 
point, sufficed to assure that the function 
is analytic. The viewpoint of Euler be- 
came part of the cultural background of 
mathematics even after critics had pointed 
out its shortcomings. As evidence for this 
pronouncement, let me cite a 782- (large 
size) page volume, the second edition of 
which, published in 1900 by the Cam- 
bridge University Press, was entitled (on 
the cover) Theory of Functions. The au- 
thor, A. R. Forsyth, remarks (p. 14): “It 
has been assumed that the function con- 
sidered has a differential coefficient. . . . 
It has often been called monogenic, when 
it is necessary to assign a specific name; 
but for the most part we shall omit the 
name, the property being tacitly assumed. 
This is in fact done by Riemann, who calls 
such a dependent complex simply a func- 
tion.” 

Not only were the independent variables 
accepted as being naturally complex vari- 
ables (save where artificial restrictions to 
real variables are imposed for reasons of 
geometrical appeal or physical applica- 
tion), but the total domain of any variable 
was accepted, and usually tacitly, as the 
totality of values for which the formula 
had a meaning. Forsyth in his treatise 
mentioned above remarks (p. 6) in a foot- 
note: “It is not important for the present 
purpose to keep in view such mathematical 
expressions as have intelligible meanings 
only when the independent variable is 
confined within limits.” 

Forsyth considers the view of defining 
w as a function of z, where w is obtained 
from z by a sequence of arithmetical 
operations (and is thus in a literal sense 
analytic) and hence in such a manner 
that one can compute the value of w cor- 
responding to any given value of z. Such 
a definition would have been acceptable 
to most mathematicians of Euler’s time. 
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Instead, Forsyth announces (p. 8): “A 
complex quantity w is a function of an- 
other complex quantity z, when they 
change together in such a manner that the 
value of dw/dz is independent of the value 
of the differential element dz.” 

But Euler’s tradition had an abundance 
of sharp critics from early in the nine- 
teenth century. Fourier in his analytical 
study of heat flow was one of the first to 
emphasize the arbitrary nature of a func- 
tion of a real variable. His success and 
prestige served to emancipate the notion 
of function from the restriction that an 
a priori representation of it by a single 
formula is necessary. Fourier seems to 
have “had almost a contempt for mathe- 
matics except as a drudge of the sciences,”’ 
and felt none of the inhibitions then cur- 
rent concerning functions. He wrote: ““We 
can extend the same results to any func- 
tions even to those which are discontin- 
uous and entirely arbitrary.”’ A function 
no longer needed to be regarded as the em- 
bodiment of an algorithm. His boldness 
taught mathematicians (among his con- 
temporaries was the great Cauchy) that 
intuitions are often mere prejudices and 
that even the “obvious” until established 
by proof may be false. It should have been 
clear that not every important elementary 
mathematical function is an analytic 
function of a complex variable. The com- 
plex conjugate, x--iy, of the complex 
variable, z=x+7y, is an important non- 
analytic function of the complex variable 
z. Hence also are the absolute value and 
the real part of z. Euler himself intro- 
duced the totient function, ¢(n), of the 
natural number n, ¢(n) being (for n>1) 
the number of natural numbers each less 
than n, and relatively px'me to n. Euler 
never made a generalization of ¢(n) to a 
function of a complex variable. 

Of course, any definition is a matter of 
convention. In a pruper sense no definition 
can be in error inhereutly except by being 
self-contradictory. A given formulation 
may be criticised on many grounds. It 
may purport to agree with other accepted 


formulations or to accurately reflect criti- 
cal usage. In mathematics the most fre- 
quent reason for rejecting a traditional 
phrasing of a definition in favor of new 
wording seems to be that it has been too 
restrictive to include situations of newly 
recognized importance. The old definition 
then becomes descriptive of merely a part, 
historically and perhaps continuingly im- 
portant, but yet not as inclusive as de- 
sired for modern research. It would seem 
entirely appropriate to concentrate at- 
tention at secondary-school level to func- 
tions expressible by formulas themselves 
algebraic, or involving at worst the ele- 
mentary transcendental functions: the 
trigonometric, inverse trigonometric, ex- 
ponential and logarithmic functions, and 
to consider these almost exclusively for 
real values of the arguments. Other func- 
tions may be regarded by secondary- 
school pupils as “pathological,” a term 
used for them by many mathematicians 
of the last century. 

But let us continue our historical re- 
sumé. In revolt against the rather blind 
and rampant formalism particularly of the 
German combinatorial school under Hin- 
denburg, Europeans generally began a 
serious review of the formal methods 
which had proved so fruitful. Abel and 
Cauchy were leaders in a critical move- 
ment which received great impetus later 
from Weierstrass and which has almost 
completely changed the emphasis of 
mathematical research. Dirichlet in 1837 
proposed the following formulation: “A 
variable y is a single-valued function of 
the variahle z, in the continuous interval 
(a,b), when a definite value of y corre- 
sponds to each value of x such that aSzx 
<b, no matter in what form the corre- 
spondence is specified.’ It may be noted 
that the favorite phrase “one can find’’ is 
missing. The discoverabilitv of the as- 
sociated value must be inferred, if at all, 
from the meaning of the term, “definite.”’ 

Dirichlet’s definition remained standard 
for a century. It presents difficulties, how- 
ever. One can ask about the meaning of 
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the words “variable,” “definite,” ‘“corre- 
sponds.” There is the further semantic 
question as to whether a variable (here y) 
is itself the function concerned. 

W. F. Osgood, in his Functions of Real 
Variables (1936), remarks (p. 68), “At the 
beginning, we spoke of y as the function. 
Thus we should say: The value of the 
function, y=2?+1, when x=1, is 2. This 
is a different meaning of the term, but no 
confusion of ideas arises from these two 
uses of the word.” The question as to 
whether to accept many-valued functions 
or to insist instead on several one-valued 
functions, is partly a matter of taste, but 
also one of clear thinking. Continued ex- 
perience had led many mathematicians 
to confine “function” to the one-valued 
case. One does not like to see “4/4= +2.” 
It seems also desirable to reject the am- 
biguity which Osgood accepted and to de- 
fine “function” as sharply restricted to 
the correspondence itself. This involves 
rejecting the traditional phrase “y is a 
function of zx, ete.,” in favor of “y is the 
value at z, of the function, ete.’’ Such an 
equation as “y=sin 2x” is entirely satis- 
factory, but neither y nor sin z is the func- 
tion in this case. The function is the sine 
function, represented by “sin” and y is its 
value at x. There is the square function, 
(x)?, but z? is a variable as is z, and writ- 
ing y= 2? does not make y a function. One 
could write more formally y=f(z) and de- 
fine f by “f:2—2?,” read “f is the function 
which carries x into z?.”’ This alone is not 
enough. One must then explain what 
values z may take on, as for example, in 
“f:2—2", (x in R),” provided “R” has 
been defined as the set of real numbers or 
rational numbers, as the case may be. The 
functions “f:r—2?, and “fiz 
—x* (x, an integer)’’ are not to be confused. 

But “correspondence” is itself a vague 
word, which if used, should be defined. 


Any thorough-going construction of a 
mathematical theory must involve from 
the first the notions of proposition, of set, 
and of sequence. Is ‘correspondence’ one 
of those inevitable primitive logical no- 
tions hardly explicable in terms at once 
more simple and more general? Why must 
functions always have numbers for argu- 
ments and numbers for values? In answer 
to queries such as these, the word “func- 
tion” is being gradually dropped in some 
circles, in favor of the less fossilized word 
“mapping” (borrowed from geometry and 
group theory), and the case of so-called 
“many-valued functions,” is covered very 
effectively by emphasizing (and of course 
defining) the more or less inevitable term 
“relation.” 

If A, B are sets, by ““A XB” (called the 
“Cartesian product of A by B’’) is meant 
“the set of all ordered pairs (a,b), where a 
is an element of A, and b of B.” By “a 
two-term rejation between variables z,y, 
having A,B, as respective domains,’’ is 
meant “a given (non-empty) subset of 
A XB.” At first this definition seems to 
wreak havoc with literary usage, but one 
soon becomes accustomed to it and to in- 
terpreting all two-term relations in ac- 
cordance with it. The domain of the two- 
term relation is the subset D of A, such 
that for each a in D, there is at least one 
b in B, for which (a,b) is in the relation. 
What identifies a function (or mapping) 
from among other relations is that for 
each a in the domain D of the function, 
there is exactly one b in B. 

Thus a function of one argument, or a 
mapping, is simply a one-valued, two- 
term relation. The term “mapping” thus 
includes “functional,” “‘projectivity,”’ and 
so forth. Although the phrase ‘“‘conformal 
mapping” is old, the general use here men- 
tioned is very recent and may be due to 
van der Waerden, 1937. 
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The evolution of geometry. 


BRUCE E. MESERVE, New Jersey State Teachers College, 


Montclair, New Jersey. 


The story of the origins of some of our geometrical ideas and 
the lives of the men who gave birth to these ideas make 
interesting reading. This is the story of the development 


THE CONSTANTLY CHANGING nature of 
our concept of geometry has intrigued me 
for many years. As a student I first 
visualized geometry, and indeed all of 
mathematics, as a static body of knowl- 
edge which could be mastered if one had 
sufficient perseverance. As a college stu- 
dent I began to recognize that mathe- 
matics was different in the eighteenth 
century from what it was in the nine- 
teenth or twentieth centuries. When I 
first became aware of these changes, the 
elusive nature of mathematics disturbed 
me. Indeed, I am still a bit disturbed. I 
shall try to describe to you the high 
points of the historical evolution of geom- 
etry in so far as I understand the geometry 
of our times. 

I hope that the brevity imposed upon 
me will also keep me from becoming lost 
in a maze of details. I shall try to present 
the growth or evolution of our concept 
of geometry in such a way that we shall 
not only be aware of the elusive nature of 
the subject but shall also gain sufficient 
knowledge of the past to enable us to un- 
derstand the changes that are in process 
in our own time. I shall consider primarily 
the evolution of Euclidean geometry and 
shall mention other geometries only as 
they arise through the application of new 


1 Based upon a chapter of the same title in Funda- 
mental Concepts of Geometry (Addison-Wesley, 1955) 
and presented April 15, 1955, at the Thirty-third 
Annual Meeting of the National Council of Teachers 
of Mathematics, Boston, Massachusetts. 


of some phases of secondary school geometry. 
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principles to certain fundamental con- 
cepts of Euclidean geometry. 

The word “geometry” is derived from 
the Greek words for “earth measure.” 
This derivation of the word also connotes 
the origin of the science of geometry. 
Early geometry was a practical science 
and an empirical science, that is, a science 
based upon man’s experiences and ob- 
servations. General theories, postulates, 
and proofs came much later. Thus our 
geometry has evolved from a few prac- 
tical procedures to a deductive science 
based upon undefined terms, postulates, 
and the logical deduction of theorems. 

We do not know the complete history 
of geometry. However, we can see several 
major influences that have contributed 
to the evolution of geometry. I shall con- 
sider very briefly ten of these influences. 


1. The empirical procedures of the 
early Babylonians and Egyptians 

2. The Greeks’ love of knowledge for 
its own sake and their use of clas- 
sical constructions 

3. The organization of early geometry 
by Euclid 

4. The embellishment of Euclid’s work 
during the Golden Age of Greece 

5. Thecontributionsof Hindu, Arabian, 
and Persian mathematicians during 
the Dark Ages in Europe 

6. The reawakening in Europe with 
the growth of the universities, the 
printing press, and the flowering 
of all branches of knowledge 


~J 


. The introduction of coordinate sys- 
tems and the recognition of the rela- 
tionship between differentiation and 
integration, giving birth to calculus 
in the seventeenth century 

8. The application of algebra and 
calculus to geometry in the eight- 
eenth century 

9. The recognition of abstract points, 
giving rise to many different geome- 
tries in the nineteenth century 

10. ‘The emphasis upon generalizations, 

arithmetization, and axiomatic 

foundations during the past fifty 
years 


As a conclusion I shall endeavor to show 
how the above influences may be used to 
predict the influence of our most recent 
innovation, the machine calculators, and 
to indicate an appropriate emphasis in 
our classrooms. Students of history may 
also observe that the development of 
geometry is closely related to the develop- 
ment of other areas of mathematics and, 
indeed, to the development of our culture. 


EARLY MEASUREMENTS 


We have evidences of the geometry of 
the early Babylonians and Egyptians. 
Records from pictorial tablets indicate 
that the Babylonians of 4000 B.c. used 
the product of the length and the width of 
a rectangular field as a measure of the 
field, probably for taxation purposes. 
The pyramids of Egypt provide striking 
evidence of early engineering accomplish- 
ments that probably required the use of 
many geometric concepts. For example, 
the granite roof members over the cham- 
bers of a pyramid built about 3000 B.c. 
are 200 feet above the ground level, weigh 
about 50 tons each, and were probably 
brought from a quarry over 600 miles 
away. 

The geometry of the early Babylonians 
and Egyptians was concerned with areas 
and volumes. Many of our elementary for- 
mulas were known in both cultures by 
1500 Undoubtedly some incorrect 


Figure | 


formulas were used in both cultures. For 
example, Coolidge? states that in both 
cultures the area of a quadrilateral with 
sides a, b, a’, and b’ was expressed as the 
product of the averages of the pairs of 
opposite sides (a+a’)(b+b’)/4. We now 
know that this formula is valid only for 
rectangles. We must recognize that each 
of the early formulas was an empirical 
result to be considered solely on its own 
merits. There did not exist any under- 
lying body of theoretical geometric know]l- 
edge. In general, the Babylonian and 
Egyptian concepts of geometry appear to 
have remained at a utilitarian and em- 
pirical level until about 600 B.c. when the 
influence of the Greeks began to have an 
effect. 


THE GREEKS 


The Greeks with their love of reason 
and knowledge left a profound impression 
upon geometry. They encouraged the 
study of geometry as a science independent 
of its practical applications. They enlarged 
the scope of geometry to include not only 
empirical formulas for areas and volumes 
but also (1) the use of line segments to 
represent numbers; (2) the study of pro- 
perties of polygons and parallel lines; (3) 
properties of circles and other conic sec- 
tions; (4) classical constructions with 


2 J. L. Coolidge, A History of Geometrical Methods, 
(Oxford: Cambridge University Press, 1940) p. 5. 
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straightedge and compasses; (5) ratios and 
proportions arising from a study of similar 
polygons; and (6) proofs of consequences 
of a set of postulates. 

Most of the intellectual progress of the 
Greeks came from schools centered around 
such outstanding scholars and groups of 
scholars as 


Thales: about 600 B.c., one of the Seven 
Wise Men of early times and often called the 
creator of the geometry of lines. 

Pythagoras: about 540 B.c., a brilliant 
scholar and mystic known for a famous theorem 
which probably provided the basis for the dis- 
covery of the irrationality of ./2 and the corre- 
sponding incommensurability of the side and 
diagonal of a square, 

The Sophists: a group of teachers in Athens 
who were more concerned with theory than 
practice, who introduced the ideas of the Pythag- 
oreans into Athens, and, among other things, 
considered the classical construction problems. 
In particular, they proposed the construction of 
the trisection of any given angle, the construc- 
tion of a cube with volume double that of a 
given cube, and the construction of a square 
with area equal to that of a given circle. 

It is interesting to note here that although 
these three problems were solved by other 
methods within a few years, it was over two 
thousand years before geometry, the theory of 
equations, the theory of numbers, and the use of 
algebra in solving geometric problems had de- 
veloped sufficiently to enable anyone to prove 
that all three of these constructions were im- 
possible, using only straightedge and com- 
passes. 


Finally we consider the school of 


Plato about 400 B.c.; who emphasized the 
recognition of geometry as a part of a liberal 
education. His school used analysis with re- 
versible steps to discover geometric proofs. His 
pupil Eudoxus developed the ‘‘method of ex- 
haustion” for determining ratios of areas (a 
forerunner of integration in calculus). Another 
pupil discovered the parabola, ellipse, and hy- 
perbola as conic sections. A few years later 
Aristotle’s work as a systematizer of logic pre- 
pared the way for Euclid’s organization of the 
geometry of his time. 


Thus we find the influence of the Greeks 
in the recognition of geometry as a science 
independent of its practical applications, 
the broadened scope of geometry, the 
recognition of a study of geometry as a 
part of a liberal education, and the study 
of geometry as a logical system. 


Euciip 

The center of mathematical activity 
shifted from Egypt and Babylonia to the 
Ionian Islands with Thales, to southern 
Italy with Pythagoras, and then to 
Athens. About 300 B.c. we find the center 
of activity shifting back to Egypt to the 
newly established university of Alexan- 
dria. Euclid was a professor of mathemat- 
ics at Alexandria. He had probably stud- 
ied in Athens. He wrote at least ten 
treatises covering the ‘‘mathematics” of 
his time. His most famous work is called 
Euclid’s Elements and contains thirteen 
books in which he presents an elegant 
organization of 


(1) plane geometry (Books I to IV), 

(2) the theory of proportions (Books V 
and VI), 

(3) the theory of numbers (Books VII 
to IX), 

(4) the theory of incommensurables 
(Book X) and, 

(5) solid geometry (Books XI to XITI). 


These topics were more closely related 
than we now consider them. Proportions 
were based upon similar polygons, the 
theory of numbers upon the lengths of 
line segments, and incommensurables 
upon proportions and the construction of 
line segments. The books on geometry in- 
cluded nearly all of the concepts that are 
now considered in a high school geometry 
course. They also included geometric 
proofs of algebraic identities and geo- 
metric solutions of quadratic equations. 

The logical structure of Euclid’s proofs 
was excellent. They included 


(1) a statement of the proposition, 

(2) a statement of the given data 
(usually with a diagram), 

(3) an indication of the use that is to be 
made of the data, 

(4) a construction of any needed addi- 
tional lines or figures, 

(5) a synthetic proof, and 

(6) a conclusion stating what has been 
done. 
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We cannot be sure whether this logical 
structure is due primarily to Euclid or to 
his training. In either case it is a conse- 
quence of the trend in early Greek philos- 
ophy. 

Lest we idealize Euclid, we should 
recognize that he adopted many Greek 
ideas including Aristotle’s distinction be- 
tween postulates and common notions; 
that he often used definitions as descrip- 
tions of terms; and that he tacitly as- 
sumed the existence of points and lines, 
order relations on a line, continuity, and 
the infinite extent of a line. However, 
the results of two thousand years of ex- 
perience should not seriously detract from 
the significance of Euclid’s Elements. 

Euclid’s first three postulates are prob- 
ably Plato’s assumptions for classical 
constructions. However, Euclid’s geom- 
etry included much more than classical 
constructions. He simply used the con- 
structions to demonstrate the existence 
of the points and lines under considera- 
tion. The fourth postulate concerned the 
equality of right angles; the fifth postulate 
was the parallel postulate. Apparently 
Euclid felt uneasy about the fifth postu- 
late since he avoided using it as long as 
possible. We shall find that this skepticism 
was justified and was shared by other 
mathematicians. In general, Euclid’s Ele- 
ments rendered geometry a tremendous 
service as an organization of geometry 
and indeed of all the mathematical knowl- 
ledge of that time. We do not know how 
much of this material was original with 
Euclid. We do know that the Elements 
represents a logical outgrowth of the 
geometry of the early Greeks. 


Ear.ty EvcLtIDEAN GEOMETRY 


The word ‘mathematics’ is derived 
from the Greek word meaning “subject 
of instruction,’ and at the time of the 
Pythagoreans referred to geometry, arith- 
metic, music, and astronomy. As knowl- 
edge increased, the concepts of mathe- 
matics and geometry were restricted. For 
example, optics, surveying, music, as- 


tronomy, and mechanics gradually be- 
came recognized as separate bodies of 
knowledge. Algebra, trigonometry, and 
the theory of numbers became separate 
branches of mathematics. Today such 
specialization is decreasing since it is not 
unusual for a modern research problem 
to arise in classical algebra, have signifi- 
cance in geometry, and be solved using 
the theories of analysis. From this point 
of view, our concern with geometric 
concepts (in a narrow sense) is against the 
modern trend. 

Since Euclid’s Elements contained a 
logical organization of nearly all the 
mathematical concepts of his time, it pro- 
vides a basis for a consideration of the 
mathematical achievements of the next 
thousand years. The first half of this 
period is characterized by a continued 
development of mathematical concepts, 
the second half has decreasing mathe- 
matical significance. At the end of this 
period Alexandria was destroyed by the 
Arabs, and Europe was entering its Dark 
Ages. 

The prestige of Alexandria lasted for 
many years after Euclid. Archimedes 
(about 250 B.c.) studied there and, in 
addition to discoveries in other fields, 
made many contributions to geometry. 
For example, his work on areas and vol- 
umes of revolution provided another fore- 
runner of integration. Apollonius (about 
225 B.c.) studied at Alexandria and wrote 
an extensive treatise on conics. His de- 
scriptions of figures in terms of a diameter 
and a tangent line were equivalent to a 
coordinate system. He recognized that the 
distances of a point from the two foci 
have a constant sum for the points on an 
ellipse, a constant difference for the 
points on a hyperbola. Later, about 300 
A.D., Pappus enhanced the prestige of 
Alexandria through his work on volumes 
of revolution, the construction of conics 
through given sets of points, and the 
study of special curves including spirals. 

The remaining mathematicians of note 
prior to the destruction of Alexandria were 
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primarily commentators upon the works 
of their predecessors. Thus by 700 a.p. 
the geometry of measurements of the 
Babylonians and Egyptians had been 
molded in accordance with the Greek 
love of knowledge and reason and was in 
need of new influences. This is not in- 
tended to minimize the Greek influence 
but rather to indicate that it had run its 
course. 


Hinpvu, ARABIAN AND PERSIAN 
INFLUENCES 


Each culture that passes along a body 
of knowledge makes a contribution to 
that knowledge. Thus, especially during 
the Dark Ages in Europe, the mathe- 
matical achievements of the Greeks were 
modified by Hindu, Arabian, and Persian 
mathematicians. Most of these influences 
were of a practical and utilitarian nature 
There were noteworthy advances in num- 
ber notation, areas, volumes, classical 


constructions, astronomy, and trigonom- 
etry. Euclid’s parallel postulate was seri- 


ously questioned. Omar Khayydm, the 
author of the Rubdiydi, wrote a treatise 
on algebra and determined roots of some 
cubie equations as intersections of conics. 
Like their Greek predecessors, these 
mathematicians used line segments to rep- 
resent numbers and therefore did not 
recognize ‘‘negative’’ roots. Also like 
_ their predecessors, they proposed replace- 
ments for Euclid’s parallel postulate, 
but failed to prove either the postulate or 
their replacement as a theorem. We now 
know that the parallel postulate cannot 
be proved as a theorem unless an equiva- 
ent statement is taken as a postulate. 
Throughout the development of Euclid- 
ean geometry we shall find that the 
attempts to prove the fifth postulate were 
generally of one of the following types: 
(1) direct proof from Euclid’s other postu- 
lates; (2) replacement of the fifth postu- 
late by a more “self-evident’’ postulate 
(either explicitly or tacitly and unknow- 
ingly) and a proof of the fifth postulate as 
a consequence of the new assumption and 
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Euclid’s other postulates; or (3) indirect 
proof by showing that the fifth postulate 
cannot fail to hold. All of these approaches 
were doomed to failure as “proofs’’ of the 
fifth postulate. They did, however, en- 
courage the study of several possible 
geometries using primarily (1) synthetic 
methods; (2) algebraic concepts, (3) 
curvature and differential geometry; (4) 
distance relationships; and (5) groups of 
transformations. As a result of these 
studies, mathematicians have considered 
the axiomatic basis for Euclidean geom- 
etry in detail, and now recognize the con- 
sistency of the non-Euclidean geometries. 


THE REAWAKENING IN EUROPE 


In mathematics as in trade and art, 
the first signs of European awakening 
were in Italy. There were some evidences 
of mathematical life in England in the 
eighth century and in France in the tenth 
century. However, progress was very 
slow. About the end of the twelfth century 
Leonardo returned to Italy after traveling 
extensively, and soon published several 
treatises making available a vast amount 
of information regarding previous achieve- 
ments in number notation, arithmetic, 
algebra, geometry, and _ trigonometry. 
These ideas were soon picked up in the 
new European universities where groups 
of scholars provided the stimulus to each 
other that is necessary for great achieve- 
ments. Then in the fifteenth century the 
printing press provided a new means of 
disseminating knowledge, and intellectual 
activity began to spread rapidly through- 
out Europe. At first there was an intel- 
lectual smoldering while the scholars 
acquired additional knowledge of past 
achievements. Soon Alberti and the Ital- 
ian artists developed some of the princi- 
ples of descriptive geometry. A treatise 
on plane and spherical trigonometry was 
prepared in Germany. Letters were intro- 
duced for numbers in France. Gradually 
mathematical activity acquired mo- 
mentum and by the end of the seven- 
teenth century was well under way. Dur- 
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ing the last three centuries there has 
burst forth such an avalanche of activity, 
constantly expanding without any defi- 
nite signs of spending its force, that we 
shall be hard pressed to assess the evolu- 
tion of geometric concepts. However, I 
shall make the attempt and let you be the 
judge of the success of the venture. 

THE SEVENTEENTH CENTURY 

Kepler and Galileo made their contri- 
butions to geometry and astronomy at the 
beginning of the seventeenth century. 
One of Galileo’s pupils, Cavalieri, as- 
sumed that a line could be generated by a 
moving point, a plane by a moving line, a 
solid by a moving area. Many of you 
have taught Cavalieri’s principle regard- 
ing the equality of the volumes of any two 
solids of the same height and of the same 
cross-sectional areas at corresponding 
heights. 

Our Cartesian coordinate systems are 
based upon the work of René Descartes 
who applied algebraic notation to the 
analysis of conics by Apollonius, visual- 
ized all algebraic expressions as numbers 
instead of geometric objects, and found 
equations representing several curves (con- 
sidered as loci). His interpretation of such 
symbols as x? and zx* as numbers and, 
therefore, as lengths of line segments was 
very important. Previously, linear terms 
such as x or 2y had been considered as line 
segments, quadratic terms such as 2? or 
ry had been considered as areas, and 
cubic terms such as x* or z*y had been 
considered as volume. The old interpre- 
tations were restrictive in the sense that 
only like quantities could be added. For 
example, it was permissible to add x? and 
ry (areas), but it was not permissible to 
add x? and z (i.e., an area and a line seg- 
ment). Descartes’ interpretation of all 
algebraic expressions as numbers and 
therefore, as line segments made it pos- 
sible to consider sums such as x?+ 2. This 
new point of view provided a basis for the 
representation of curves by equations. 
The study of geometric figures as loci 


corresponding to equations introduced 
a new era and an entirely new point of 
view into the study of geometry. Since 
we shall find enthusiastic supporters of 
both the new and the old points of view, 
we shall endeavor to distinguish between 
the two as follows: The study of figures 
in terms of their algebraic representation 
by equations will be called analytic geome- 
try; the study of figures directly without 
using their algebraic representations will 
be called synthetic geometry. Since many 
geometers will use both algebraic and syn- 
thetic methods, the above distinction is at 
best a relative one. Modern geometers con- 
sider the two geometries as two equiva- 
lent points of view of the same body of 
knowledge. 

Fermat was a contemporary of Des- 
cartes who also worked in analytic 
geometry. Desargues and Pascal visual- 
ized the circle, ellipse, parabola, and 
hyperbola as projections of circles, dis- 
covered other properties of conics, and 
prepared the foundations for synthetic 
projective geometry. 

The last half of the seventeenth century 
is marked by the independent discovery 
by Newton and Leibniz of the relationship 
between differentiation (often visualized 
as rate of change) and integration (often 
visualized as summation). Newton’s dis- 
covery of calculus was based upon a study 
of figures in motion, Leibniz’ upon a 
study of static figures. Our present nota- 
tion is largely that of Leibniz. Newton 
also made contributions to analytic ge- 
ometry through his classification of cubic 
curves and to synthetic geometry. 

The application of new ideas to geome- 
try typifies the seventeenth century. 
There was the application of algebra 
initiated by Descartes and Fermat, the 
applications of projections initiated by 
Desargues and Pascal; and the applica- 
tions of calculus initiated by Newton and 
Leibniz. These new approaches were the 
beginnings of three major phases of ge- 
ometry—analytic geometry, synthetic 
geometry, and differential geometry. 
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THE EIGHTEENTH CENTURY 

In the eighteenth century we find a 
broadening of the applications of the new 
ideas started in the seventeenth century 
and a new development in relation to 
Euclid’s parallel postulate. 

The work of Descartes and Fermat was 
extended to three dimensions. Previously 
known results and new results were re- 
stated in algebraic notations. Transfor- 
mations of coordinates were considered. 

Newton’s work was continued by Mac- 
laurin who discovered many special curves, 
including the cissoid, cardioid, and lem- 
niscate. The techniques of differential 
geometry were used to develop a theory 
of curvature and to study quadric sur- 
faces. 

In synthetic geometry Euler proved 
that for any given triangle the point of 
intersection of the altitudes, the point of 
intersection of the medians, and the point 
of intersection of the perpendicular bi- 
sectors of the sides are collinear. He also 
considered networks of arcs and developed 
a general theory of traversability which is 
often considered as the starting point of 
topology. 

The work on Euclid’s parallel postulate 
was another development of synthetic 
geometry. Early in the eighteenth century 
Saccheri tried to prove the postulate by 
denying it and showing that the results so 
obtained could not hold. He succeeded in 
proving that exactly one of three situa- 
tions must consistently hold: 


1, the sum of the angles of a triangle 
is always equal to two right angles, 
2. the sum of the angles of a triangle 
is always greater than two right 
angles, or 
. the sum of the angles of a triangle is 
always less than two right angles. 


Under each hypothesis he could prove 
several theorems. He disposed of the last 
two hypotheses by accepting Euclid’s 
tacit assumption that lines are not re- 
entrant and by assuming that two lines 
cannot merge into a single line at infinity. 


We now recognize these assumptions as 
postulates leading to independent geome- 
tries. We know that the first hypothesis 
holds for plane triangles, the second for 
spherical triangles. Lambert (still in the 
eighteenth century) suggested that the 
third hypothesis might hold for triangles 
on a sphere with an imaginary number as 
its radius. This suggestion is now recog- 
nized as mathematically sound. Lambert 
based it upon his study of the geometry 
on the surface of a sphere. As a part of this 
study he proved that the area of a spheri- 
cal triangle was a function of the excess 
of its angle sum relative to two right 
angles. 

Saccheri’s approach was also adopted 
by Legendre (1752-1833). However, he 
too was trying to prove the parallel postu- 
late. Legendre is well known for his work 
in the theory of numbers, theory of 
functions, and calculus. He has had a 
great influence upon American high school 
geometry texts through his publication of 
a geometry text rearranging and modify- 
ing Euclid’s Elements. 

During the last half of the eighteenth 
century we find increasing evidence of the 
forthcoming crescendo of mathematical 
activity that characterizes the nine- 
teenth and twentieth centuries. Because 
of the increased specialization of ter- 
minology and the detailed and abstract 
character of many of the contributions, 
our treatment of the evolution of geome- 
try will, of necessity, become more ex- 
pository. 

THE NINETEENTH CENTURY 

In the early nineteenth century Gauss 
apparently visualized the possibility of 
geometries in which Euclid’s fifth or paral- 
lel postulate did not hold. However, he 
did not publish his resulis. Probably he 
observed that Euclid’s fifth postulate 
is quite different from his first four postu- 
lates. The first four postulates are con- 
cerned with finite segments of lines and 
the possibility of extending a finite seg- 
ment to form a line. The fifth postulate 
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asserts a property of lines in their full 
extent. Thus, since all measurements 
and constructions are finite (even the 
most distant star visible in the most 
powerful telescope is only a finite dis- 
tance from the telescope), the fifth postu- 
late is based upon a faith or conviction 
that if two lines are cut by a transversal 
such that the sum of the interior angles 
on one side of the transversal is less than 
two right angles, then the lines will inter- 
sect if they are extended sufficiently far. 
When the sum of the interior angles differs 
very slightly from two right angles, the 
assumption that the lines will intersect 
cannot be definitely established. 

Given a line m and a point P that is not 
on m, we may draw a circle with center P 
and any given radius d intersecting line m 
in points R and S. Then it is clear that 
there are infinitely many lines through P 
that do not intersect m inside the circle, 
i.e., Within the distance d from P. When 
d is the radius of the circle that I have 
drawn, these non-intersecting lines are 
expected. Why shouldn’t there also be in- 
finitely many lines through P and not in- 
tersecting m when d is a mile, the dis- 
tance to the horizon, the distance to the 
moon, the distance to the most distant 
visible star? This question could not be 
answered 150 years ago. It is now known 
that one may obtain consistent geome- 
tries by assuming either 


1. there are infinitely many lines 
through P that do not intersect m, or 

2. there is exactly one line through P 
that does not intersect m. 


Figure 2 


If the line PB is perpendicular to m, then 
Euclid’s fifth postulate asserts that any 
line PA such that angle BPA is less than 
a right angle must intersect the line m if 
the lines PA and m are extended suffi- 
ciently far. 

Bolyai and Lobachevski independently 
developed theorems in a geometry based 
upon the assumption that there are in- 
finitely many lines through P that do not 
intersect m. Later this geometry was 
called hyperbolic geometry in recognition 
of the two distinct lines, PR and PS, 
“parallel” to the line m. Hyperbolic 
geometry corresponds to Saccheri’s third 
hypothesis that the angle sum of a tri- 
angle is less than two right angles. 

Riemann developed a geometry based 
upon Saccheri’s hypothesis that the angle 
sum of a triangle is greater than two 
right angles. He considered space as a set 
of undefined objects, called “points,” 
where each point was determined by its 
coordinates. He assumed that there ex- 
isted a distance function and that the 
square of the differential of the distance 
function was homogeneous and of the 
second degree in the differentials of the 
coordinates. For example, in Euclidean 
plane geometry the distance function 


8? = yo)? 
may be expressed in the form 
ds? =dz?+dy? 


in terms of the differentials of the dis- 
tance and the coordinates. Then just as 
we consider transformations (rotations 
and translations) in Euclidean geometry 
that do not change the Euclidean dis- 
tance function, Riemann considered trans- 
formations that do not change his gen- 
eralized distance function. Thus, as in 
Euclidean geometry, Riemann assumed 
that the measurements of figures and 
objects do not depend upon their position. 
Accordingly, on any surface the figures 
must be freely movable as on a plane (on 
which figures may slide or rotate) or on 
the surface of a sphere. 
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The distance functions or metrics were 
developed further by Cayley and Klein. 
The new theories were extended to three 
dimensions and then to n-dimensions. 
Klein also classified various geometries 
by considering them as studies of proper- 
ties that are invariant (unchanged) under 
groups of transformations. Lie considered 
groups of transformations leaving dis- 
tance functions invariant and proved 
that if figures are to be freely movable 
(slide in any direction and rotate about 
any point), there are exactly four pos- 
sible types of geometry in three-dimen- 
sional space. These are: (1) Euclidean 
geometry; (2) the geometry on a sphere; 
(3) the geometry of Riemann; and (4) 
the geometry of Bolyai and Lobachevski. 
The last two are often called the non- 
Euclidean geometries. 

The use of algebra (especially the 
theory of groups) and differentials in the 
development of the above geometries 
provides another illustration of the inter- 
dependence of the various branches of 
mathematics. This interdependence is 
also seen in the search for proofs of the 
consistency of geometries. It can now be 
proved that Euclidean geometry is con- 
sistent if the real number system is con- 
sistent. (This dependence of geometry 
upon properties of numbers is an example 
of the arithmetization of modern geome- 
try.) The non-Euclidean geometries are 
also consistent if the real number sys- 
tem is consistent. Accordingly, even 
though several prominent philosophers 
have based their beliefs in natural logical 
systems upon the existence of a natural 
geometry—Euclidean geometry—we must 
now recognize that Euclidean geometry 
may not be the inherent geometry of our 
universe. It is probable that the develop- 
ment of philosophy as well as mathe- 
matics would have been noticeably 
changed if this had been recognized sev- 
eral centuries ago. 

Let us now return to the early nine- 
teenth century. At the end of the eight- 
eenth century Monge was active in 


France. He organized descriptive geome- 
try and applied the new techniques of alge- 
bra and calculus to curves and surfaces. 
One of his pupils, Poncelet, wrote the 
first text on projective geometry and de- 
veloped the concept of duality. Von 
Staudt considered a geometry of positions 
independent of all measurements and 
proved that geometry did not need the 
techniques of algebra and calculus. Gauss’ 
ideas on curvature were extended by 
Riemann and eventually provided a basis 
for relativity theory. Riemann also used 
n sheets (in a sense, planes) to render n- 
valued functions single-valued on these 
new Riemann surfaces. This concept had 
important implications in both the theory 
of functions and geometry. Pliicker, Cay- 
ley, and Grassman developed new coor- 
dinate systems and extended their results 
to n-dimensional geometries. Moebius in- 
troduced new coordinates and discovered 
a new type of surface, a one-sided surface. 

As indicated by the introduction of 
several types of coordinates, by Riemann’s 
concept of a point as an undefined entity 
determined by its coordinates, and by 
the introduction of n-dimensional spaces, 
the concept of a point was undergoing a 
change in the middle of the nineteenth 
century. The complete abandonment of 
all visual intuitive concepts of a point 
was gradually accepted by theoretical 
mathematicians. The new concepts of a 
point were used in the non-Euclidean 
geometries and as a basis for abstract 
geometry. Thus near the end of the nine- 
teenth century we find geometry extend- 
ing its break with the physical world. 
This break was completed with the axio- 
matic developments of the twentieth 
century. 


THE TWENTIETH CENTURY 


About the end of the nineteenth century 
the Italian geometers enjoyed a period of 
active leadership. In recent years this 
leadership has probably shifted to the 
United States with the influx of scientific 
immigrants and the development of topol- 
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ogy and abstract algebraic geometry. 
Topology is a very general and important 
geometry. In many ways it represents the 
peak of our geometric achievements to 
date. It also involves several elementary 
concepts that could be useful in second- 
ary schools. Some of these concepts are 
described in the November, 1953 issue of 
Tue Matruematics TEACHER.® 

The shift in leadership in algebraic 
geometry appears to be due to the intro- 
duction of the arithmetic ideas of Dede- 
kind and Weber and the modern algebraic 
concepts of group, ring, field, and ideal. 
Since the trend in algebraic geometry is 
indicative of trends in other branches of 
geometry, I shall present the following 
introductory remarks of Oscar Zariski in 
a paper presented at the 1950 Interna- 
tional Congress of Mathematicians in 
order to give the viewpoint of one of the 
leaders in this area. 


The past 25 years have witnessed a remark- 
able change in the field of algebraic geometry, 
a change due to the impact of the ideas and 
methods of modern algebra. What has happened 
is that this old and venerable sector of pure 
geometry underwent (and is still undergoing) a 
process of arithmetization. This new trend has 
caused consternation in some quarters. It was 
criticized either as a desertion of geometry or 
as a subordination of discovery to rigor. I sub- 
mit that this criticism is unjustified and arises 
from some misunderstanding of the object of 
modern algebraic geometry. This object is not 
to banish geometry or geometric intuition, but 
to equip the geometer with the sharpest possible 
tools and effective controls. It is true that the 
lack of rigor in algebraic geometry has created 
a state of affairs that could not be tolerated in- 
definitely. Effective controls over the free flight 
of geometric imagination were badly needed, 
and a complete overhauling and arithmetization 
of the foundations of algebraic geometry was the 
only possible solution. This preliminary founda- 
tional task of modern algebraic geometry can 
now be regarded as accomplished in all its es- 
sentials. 

But there was, and still is, something else 
more important to be accomplished. It is a fact 
that the synthetic geometric methods of classical 
algebraic geometry, operating from a narrow 
and meager algebraic basis and faced by the ex- 
treme complexity of the problems of the theory 
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of higher varieties, were gradually losing their 
power and in the end became victims to the law 
of diminishing returns, as witnessed by the rela- 
tive standstill to which algebraic geometry came 
in the beginning of this century. I am speaking 
now not of the foundations but of the super- 
structure which rests on these foundations. It is 
here that there was a distinct need of sharper 
and more powerful tools. Modern algebra, with 
its precise formalism and abstract concepts, pro- 
vided these tools. 

An arithmetic approach to the geometric 
theories which we were fortunate to inherit from 
the Italian schoo] could not be undertaken with- 
out a simultaneous process of generalization; for 
an arithmetic theory of algebraic varieties can- 
not but be a theory over arbitrary ground fields, 
and not merely over the field of complex num- 
bers. For this reason, the modern developments 
in algebraic geometry are characterized by 
great generality. They mark the transition from 
classical algebraic geometry, rooted in the com- 
plex domain, to what we may now properly 
designate as abstract algebraic geometry, where 
the emphasis is on abstract ground fields.‘ 


We have seen in our previous discussion 
and in the above quotation that the trend 
of geometry in the first half of the twen- 
tieth century has been toward generaliza- 
tion, arithmetization (i.e., the use of 
properties of numbers), and the axio- 
matic foundations of geometry. Pasch 
visualized geometry as a deductive science 
based upon a set of postulates. Hilbert 
and Veblen were especially active in this 
formalized concept of geometry. Most of 
us slyly appreciate Hilbert’s concept of 
mathematics as a game played according 
to certain rules with meaningless marks on 


paper. 
CONCLUSION 


This paper has been concerned with the 
origins of geometry. What about the 
future? Are we steadily pushing back the 
horizons of mathematical knowledge? Are 
we gaining an ever firmer grasp upon this 
body of knowledge, its underlying prin- 
ciples, and its implications? Such appears 
to be the case. Moreover, let us not lose 
sight of the manner in which this progress 
is being made—new mathematical tools 


‘Oscar Zariski, ‘‘The Fundamental Ideas of Ab- 
stract Algebraic Geometry” Proceedings of the Inter- 
national Congress of Mathematicians, Vol. II, 1950, 
p. 77, 
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are being combined with an emphasis 
upon generalizations and fundamental 
operations. The secondary schools cannot 
hope to introduce all the new tools; the 
schools could and, in my opinion should, 
place a major emphasis upon the impor- 
tance and use of generalizations and the 
fundamental operations. 

In geometry the influence of intellectual 
curiosity has been evident since the time 
of the early Greeks. Many phases of 
geometry have been primarily intellectual 
achievements and have not found a prac- 
tical application until they were well de- 
veloped. In other cases utility came earlier 
in the development. Recently, techno- 
logical advances have provided a wide 
range of activity for the mathematically 
curious as well as those who are trying to 
accomplish specific tasks. The electronic 
and mechanical computers provide a 
striking example of the influence of tech- 
nological advances. Within the past 
decade these new mathematical tools 
have gained recognition for the ways in 
which they may remove most of the 
drudgery from mathematical computa- 
tions in both applied and _ theoretical 
branches of mathematics. Within another 
decade it seems reasonable to predict that 
these machines will revolutionize many 
cf our approaches to mathematical prob- 
lems. This new technique appears des- 
tined to go through the same stages that 
we have observed in the use of the tech- 
niques of algebra and calculus. At present 
we are in the period of the discovery of the 
technique and the initial explorations. 
Problems of rigor are arising. We may 
expect a rash of exploitations of the new 
technique comparable to the exploita- 
tions of calculus in the eighteenth century. 
As in the case of algebraic and synthetic 
methods in geometry, there will un- 
doubtedly be strong proponents of old 
and new techniques. Also as in the case of 
algebraic and synthetic methods in ge- 
ometry, we may look forward to the 
eventual absorption of the new technique 


into accepted mathematical procedures 
with a resulting unification of viewpoints 
and increase in our knowledge of mathe- 
matics. 

Scientific advances in many phases of 
our society are creating a very fertile 
source of problems for calculating ma- 
chines. The greatest problem at present 
is the preparation of the problems for the 
machines. As the president of a nation- 
ally known research corporation said 
recently: ‘‘We have not run out of prob- 
lems, we have run out of mathematicians.”’ 
Here again the secondary schools can 
serve their students most effectively by 
emphasizing fundamental operations and 
basic procedures. Throughout the evolu- 
tion of geometry and, indeed, all of 
mathematics we find progress dependent 
upon people who understand basic opera- 
tions and have the courage to try new 
ideas. Geometry today represents but a 
fleeting instant of an ever-changing body 
of knowledge. Even in our minute per- 
sonal worlds, we may have an influence 
upon the evolution of geometry by keep- 
ing ourselves aware of the changes that 
are taking place and by transmitting 
this awareness to our students through 
our teaching of mathematics as a living 
subject, based upon generalizations of the 
fundamental operations and procedures 
that we develop in our classrooms. 

Thus you see that I do not consider 
our hasty journey through the history of 
geometry as a momentary intellectual 
pastime. Rather I find in such journeys 
both inspiration and guidance for my 
daily classroom teaching. I find a living 
subject, a subject of great importance to 
our national and cultural welfare, a sub- 
ject whose growth depends upon the 
efforts of thousands of people like you 
and me who must keep trying to teach the 
underlying principles behind the formal 
details in our textbooks and to keep our 
students active in the formulation and 
testing of their own ideas and generaliza- 
tions. 
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Mathematics and the changing curriculum 


of post-war J apan 


DANIEL W. SNADER, University of Illinois, Urbana, Illinois. 
The problems involved in reconstructing the schools of Japan 
were difficult ones. Here is a first-hand account of how some 

of the problems were solved and how others were left unsolved. 


In May, 1951, a request came from the 
U. S. Department of the Army, asking 
that I accept their invitation to serve as 
Mathematics Consultant to the Japanese 
universities in connection with the Insti- 
tute for Educational Leadership under 
the control of the Civil Information and 
Education section of the Supreme Com- 
mander for the Allied Powers. 

At first I could find many reasons for 
not wanting to go to Japan. They were 
the usual reasons—the danger involved, 
family separation, professional commit- 
ments, and so forth. But, in spite of my- 
self, the call for help from a country 
eager to learn the ways of democracy and 
eager to adapt their educational system 
so as to make democratization possible 
became a professional challenge too hard 
for me to resist. Two months later I ac- 
cepted the call. Today I am happy I did. 

It would be hopeless for me to cover 
the entire scope of my work in Japan in 
the course of one lecture. Hence, I shall 
confine my comments to the following 
areas: 


1. The seventh IFEL Mission to Japan: 
a. its meaning, purpose, and plan of 
operation 
b. my assignment in this mission 
2. A comparison of Japan’s school sys- 
tem before and after the war 
1 Presented at the Mathematics Institute, Louisi- 


ana State University, Baton Rouge, Louisiana, June, 
1955. 


. The pre-war curricula and post-war 
changes 

. How the IFEL groups (in mathe- 
matics) operated 

. Some accomplishments; and some 
unsolved professional problems 


I. IFEL, tvs MEANING, PURPOSES 
AND MODE OF OPERATION 


The abbreviation stands for “Institute 
for Educational Leadership.’ General 
MacArthur’s policy with regard to Japan’s 
reconstruction (including its educational 
system) was, in essence, “Do nothing for 
the Japanese which they can do for them- 
selves.”’ This did not mean total abandon- 
ment nor the creation of a hopeless feeling 
of despair. On the contrary, it was a 
noble attempt to boost the morale and 
confidence of the Japanese in their own 
abilities and responsibilities for the re- 
habilitation of their country. 

This policy proved to be a wise one. 
Japanese leaders arose, after the neces- 
sary screening and purging, who worked 
enthusiastically with the CIE (Civilian 
Information and Education) section of 
SCAP (Supreme Commander for Allied 
Powers). 

Following the first U.S. Education 
Mission to Japan in 1946, and in keeping 
with its recommendations for reform of 
the Japanese educational system, a series 
of IFEL’s were held in selected cities 
throughout Japan. 
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The first IFEL’s were designed to pre- 
pare Japanese leaders for administrative 
and supervisory posts: superintendents of 
schools, supervisors, professors of educa- 
tion, youth activity leaders, and so forth. 

It must be remembered that all pre- 
war educational directives came from the 
Ministry of Education (Mombusho) in 
Tokyo. Directly after the war more and 
more leadership was to come from the 
local administrators—superintendents, 
principals, professors—and less and less 
from the central headquarters of educa- 
tion in Tokyo. To develop this badly 
needed leadership was no easy task, as 
you can well imagine. However, the ac- 
complishments made under the most try- 
ing circumstances were really remarkable. 

The Seventh and Eighth IFEL Mis- 
sions (1951-52) were the last ones to be 
conducted by CIE of SCAP. These last 
two missions were sponsored jointly by 
the Japanese and our CIE section of 
SCAP. They were organized at the re- 
quest of the Japanese and designed to de- 
velop leadership in specialized subject- 
matter fields such as science, mathe- 
matics, social studies, industrial arts, 
nursing, education, curriculum design, 
and so on. 

The Japanese Ministry of Education 
and university officials asked SCAP for an 
American Mathematics-Education Con- 
sultant to help them reorganize their 
mathematics program, including the ele- 
mentary schools, the junior and senior 
high schools, and the teachers’ colleges. 
The call came from the U.S. Department 
of the Army in May, 1951. I finally ac- 
cepted the appointment in July and was 
on the job in Tokyo by the last week in 
August. 

The two mathematics groups of the 
Seventh IFEL consisted of thirty to 
thirty-five members each. The first group 
met at Hiroshima University in a six- 
weeks intensive workshop; the second 
mathematics group met at the Tokyo 
University of Education for an equal 
length of time. All of these men (and one 


lone woman) in the IFEL groups were se- 
lected to represent their prefecture, uni- 
versity, or teachers college after a careful 
screening of their applications. Certainly 
they were among the best professors of 
mathematics-education, or aspirants to 
such positions, in teachers colleges and 
universities of Japan. Their purpose was 
to find solutions to the problems arising 
out of the rapid democratization of the 
schools and colleges and the reorienta- 
tion of mathematics in this new and rap- 
idly changing program. It therefore be- 
came part of my duty to help them in 
arriving at solutions to their immediate 
problems and to plan dynamic programs 
in elementary, and secondary school 
mathematics—as well as a teacher-train- 
ing program to make possible the achieve- 
ment of these aims. This was a gigantic 
task, the most stimulating and profes- 
sionally rewarding assignment I have 
ever attempted. 


Il. JAPAN’S SCHOOL SYSTEM 
BEFORE AND AFTER THE WAR 


To appreciate the problems of curricu- 
lum reorganization in Japan, we should 
take a quick look at the organization of 
the schools prior to 1945, and the abrupt 
changes in the organization since the 
close of the war. 

Japan’s school system, up to 1945, con- 
sisted of a six-year elementary school 
(Sho-Gakko), open to all children. 

1. At the end of the sixth grade, pupils 
had to choose between attending a higher 
elementary school for the seventh and 
eighth grades (Koto Shogakko), or going 
directly into some kind of labor or indus- 
try market. 

2. If they chose this type of school, 
they had an additional choice of attend- 
ing a part-time continuation school (Se7- 
nen Gakko) for the equivalent of the 
ninth and tenth grades. 

3. If children wanted to, they could 
elect to attend a Jitsugyo (vocational 
school) after the seventh and eighth 
grades in the higher elementary school, 
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or they could go directly from the ele- 
mentary school (Sho-gakko) at the end of 
the sixth grade into the vocational school 
for the next five grades (7-11). 

4. From these vocational schools pu- 
pils could find semi-skilled jobs or con- 
tinue their education in grades 12-14 in 
a Semmon Gakko (college) or Shihan 
Gakko (normal school), leading to semi- 
professional positions (semi-technical work 
or teaching in elementary school). 

5. At the end of the sixth grade, Jap- 
anese girls for the most part entered the 
Koto Jogakko for an additional five years, 
after which they usually married into 
upper- or middle-class homes. 

6. If a young Japanese who had just 
finished the sixth grade decided to strive 
for a clerical position or semi-professional 
position, he would continue his education 
for an additional five years in Chu-Gakko 
(middle school). 

7. If he decided at the end of the 
eleventh grade (after graduation from a 
Chu-Gakko or middle school) to enter a 
university (Daigaku), he had to choose 
between attending a Daigaku Yoka (uni- 
versity preparatory course) or a Koto 
Gakko (higher school). Each of these 
courses extending through the twelfth, 
thirteenth and fourteenth grades. 

8. After the successful completion (by 
passing university entrance examinations) 
of the 14th year in a university prepara- 
tory or higher school, students continued 
their study in a three-year university 
course. This led directly to high profes- 
sional positions. 

9. A small number, after university 
graduation, continued in the university 
graduate school from one to three years. 

This, in brief, constitutes the pre-war 
Japanese school] system. If it is possible 
to visualize such a complex system in 
relation to problems of finance, school 
housing, teaching personnel, educational 
equipment, guidance services, and the 
like, perhaps one can also understand why 
the curricula in these various schools were 
so inflexibly designed. 


THE PRE-WAR CURRICULA 
AND POST-WAR CHANGES 


The curriculum of the Japanese schools 
was rather poorly constructed. It con- 
sisted mainly of subject-matter courses, 
many in number and some being taught 
only once or twice each week. Courses 
that were thought worthwhile for some 
were made mandatory for all. Hence, the 
number of required courses prevented the 
notion of an elective system being consid- 
ered seriously in pre-war Japan. 

Following the Potsdam Proclamation 
and the surrender terms, the objectives 
of education changed radically and the 
curriculum necessary for achieving the 
new goals had to be developed. This was 
an enormous undertaking. The old pre- 
war methods of curriculum construction 
and the development of courses of study 
were no longer suitable to produce the 
desired results. The new guide for curricu- 
lum building was the following statement 
issued by the U.S. Education Mission in 
19462 
A good curriculum cannot be designed merely to 
impart a body of knowledge for its own sake. It 
must start with the interests of the pupils, en- 
larging and enriching those interests through 
content whose meaning is intelligible to the 
pupils. As in the statement of aims, so in the 
construction of the curricula and courses of 
study, the pupil in a particular environment 
must be the starting point. This principle is 
violated if a central authority issues an educa- 
tional currency warranted valid under all cir- 
cumstances irrespective of the environment and 
activities of the pupils. 

It was quite obvious that no hurried 
job of curriculum patching would suffice. 
Hence, during the school years of 1945-46 
and 1946-47 the old form of subject-mat- 
ter curriculum continued in use. Mean- 
while, the Ministry of Education (om- 
busho), through its Curriculum Commit- 
tee and representatives from the Bureau 
of School Education and Bureau of 
Textbooks, worked very closely with 
SCAP advisers in laying the foundations 
for curriculum construction: (1) the gen- 
eral aims of education, (2) the specific aims 

2 “Education in the New Japan,” Vol. I, Text 
(Tokyo: May 1948). P. 186. 
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of each subject area, (3) various stages in 
the psychological growth and develop- 
ment of children, (4) various interests 
and social needs of children, (5) social 
activities among children, and (6) com- 
munity-life activities. The 1947-48 tenta- 
tive courses of study included many ideas 
suggested by the U.S. Education Mission. 
Though these ideas were developed speed- 
ily, they were quite respectable pieces of 
professional work. They were predicated 
upon two resolutions: 


1. Special textbooks and special courses 
for girls only would cease to exist. 

2. In all types of schools, children of 
the same grade level would follow 
the same basic courses of study in 
areas such as language, social stud- 
ies, ete. 


These reforms eliminated, as far as the 
curriculum was concerned, the discriminat- 
ing practices preventing pupils with cer- 
tain “‘types”’ of preparation from entering 
secondary schools of their choice. These 
reforms should be marked as important 
steps in the democratization of Japan’s 
post-war schools. 


IV. How tHe IFEL Groups OPERATED 


As mentioned before, the first six 
IFEL Missions to Japan sponsored by 
CIE-SCAP have done much to aid the 
leaders in Japanese education to plan the 
program for a democratic school system. 
It must be remembered that the Japanese 
themselves have co-operated extremely 
well in the planning and the execution of 
the plans jointly agreed upon. In a real 
sense the proposals for reform represented 
the fruits of Japanese thinking and plan- 
ning under guidance of CIE-SCAP. 

The next step in the development of 
educational leadership among the Jap- 
anese was to consider the problems of cur- 
riculum development as they relate to 
special subject areas such as mathematics, 
science, social studies, industrial arts, 
nursing education, and so on. The Sev- 


enth and Eighth IFEL’s were designed 
for this purpose. The Seventh IFEL was 
sponsored by the Japanese Ministry of 
Education and the universities themselves 
with a minimum of supervision and con- 
trol by CIE-SCAP. 

Hence, when the Seventh IFEL mis- 
sion arrived in Japan, the Japanese IFEL 
leaders in mathematics presented me with 
tentative plans for intensive six-week 
workshop sessions to be held at Hiro- 
shima and Tokyo. The preliminary plans 
were considered tentative—subject to re- 
view, discussion, and approval by the 
group participants and the American con- 
sultant. 

At the first meeting it became clear 
that a series of lectures (as the tentative 
plans called for), given either by the 
American consultant or the best mathe- 
matics-education leaders in Japan, was 
not the most suitable approach to use in 
arriving at solutions to their problems— 
especially if leadership among the partici- 
pants was to be developed. Instead it was de- 
cided that the six-week study sessions were 
to be conducted in workshop fashion. 


1. Each member of the group submit- 
ted a list of professional problems to 
which he was seeking solutions. 
. These problems were then classified 
and put into the following categories: 
a. Aims and purposes for teaching 
elementary and secondary school 
mathematics. 

b. Selection and grade-placement of 
subject matter. 

c. Methods of teaching. 

d. Evaluation. 

e. Teacher preparation in mathe- 
matics and education. 

3. Each participant elected to work 
in one or two of these areas. 

4. a. Morning sessions were devoted to 
group discussions and planning, 
or to lectures by specialists on 
certain crucial problems. (The 
lecturers who were previously en- 
gaged now served as experts and 
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resource persons upon request of 
the planning committee.) 

. The afternoon sessions were de- 
voted to small-group study and 
research. 

. During those sessions a regular 
schedule of semi-private confer- 
ences was arranged for the pur- 
pose of developing closer profes- 
sional contacts between the Amer- 
ican consultant and members of 
the workshop groups. These 
proved to be exceptionally worth 
while in meeting the needs of 
individual members of the group 
and in developing, through close 
person-to-person relationships, 
the mutual understanding and 
good will the Japanese prized so 
highly. 

5. At the end of each two-week period 
a combined meeting of all five 
groups was called for the purpose of 
coordinating the work, discussing 
common problems encountered, plan- 
ning methods of attack, and, in 
general, to improve inter-group com- 
munication. 

}. During the fourth and fifth weeks 
each group presented semi-final re- 
ports of their accomplishments and 
sought recommendations for the 
form in which the final reports were 
to be presented to the Ministry of 
Education, the sponsoring universi- 
ties and IFEL headquarters. 


The combined group reports presented 
at Hiroshima and at Tokyo are quite 
voluminous. They represent an enormous 
amount of labor on the part of the 
Japanese participants. The reports indi- 
cate that much has been learned and that 
much remains to be done before the Jap- 
anese teachers of mathematics will be 
satisfied that the subject they teach is 
making the contributions it can and should 
make to the achievement of specialized 
and general aims of education in a de- 
mocracy. 


The work of IFEL is not finished. It has 
merely begun. The Japanese IFEL groups 
have formed a ‘‘Mathematics-Education 
Research Association,’ which will con- 
tinue to search for better ways of teach- 
ing more wisely selected subject matter, 
at more appropriate periods of children’s 
growth and development, in a more inter- 
esting and democratic fashion. I am proud 
to be an honorary member of this dy- 
namic organization.* The prospects for 
continued improvement in the mathe- 
matical education of Japan rest to a large 
extent with those IFEL professors of 
mathematics who visualize the comple- 
mentary roles which mathematics and 
professional education must assume to 
produce the kind of teachers they need 
for new Japan. 


V. SoME ACCOMPLISHMENTS; SOME 
UNSOLVED PROBLEMS 


A. Accomplishments (general) 


1, Ultra-nationalistic and militaristic 
influences, as found in textbooks, 
curricula, teachers, and other per- 
sonnel, have been removed (as 
far as can be expected) from the 
schools of Japan. 

. Compulsory school attendance for 
nine years is in effect. This covers 
the six-year elementary school and 
the three-year lower secondary 
school. Greater educational oppor- 
tunity is thus provided for all 
children of all socio-economic 
groups. 

. The structural organization of the 
Japanese public schools has been 
simplified. The 6-3-3-4 plan is the 
legal organization today. 

. Co-education is practiced at all 
levels. This affords girls and young 
women the basis for equal oppor- 


3 In August 1955, Professor Snader returned to Ja- 
pan as a consultant to the largest textbook publishing 
company in Tokyo. While there, the Japanese profes- 
sors of Mathematics-Education held their reunions of 
the Hiroshima and Tokyo IFEL groups. Professor 
Snader was their guest speaker at these two national 
meetings. 
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tunities with boys and young men 
for higher education. 

. The control of education is de- 
centralized. Formerly the Mom- 
busho had supreme central con- 
trol. The trend now is toward 
local and prefectural control. 

i}. The Mombusho now operates on a 
consultative and advisory basis. 
It seeks to develop local leadership 
rather than to dictate policies in an 
arbitrary manner. 

. The construction of new school 
buildings and the repair of bomb- 
damaged ones is carried on as fast 
as economic conditions permit. 

. The national support of public 
education is greatly improved. 
Teachers’ salaries are now on a 
par with other comparable civil 
service positions. This may be the 
result of a strong teachers’ union. 
. Textbooks and other instructional 
materials are being revised and 
improved. These materials are 
now written by individual au- 
thors, not by Mombusho. Recently 
a group of six men from the largest 
textbook publishing firm visited 
the U.S. to study means for im- 
proving their publications and to 
purchase modern printing equip- 
ment. They now have a new and 
thoroughly modern multi-million 
dollar plant near Tokyo equal to 
the best we have in the U.S. 

. Conferences, workshops, and 
group meetings for the improve- 
ment of education conducted along 
democratic lines are held with in- 
creasing frequency all over Japan. 
. New curricula and courses of 
study are being developed from 
kindergarten to the university and 
through the graduate schools. 

. Teaching methods are being stud- 
ied and improved to provide for 
pupil participation, originality, 
and leadership development. 


is being simplified. Fewer kanji 
characters are being learned and 
instruction in Romaji is now begun 
in the elementary grades. 


. University standards are being 


up-graded. Autonomous university 
accrediting agencies are in opera- 
tion. 


. Many of the separate schools and 


colleges have been consolidated 
under a single administrative con- 
trol. This move was proposed by 
the U.S. Education Mission as an 
economy measure and to provide 
greater facilities for the develop- 
ment of professional leaders. 


). Special programs in such fields as 


industrial arts, health and physical 
education, radio, youth service, 
library science, and nursing educa- 
tion are being received with en- 
thusiasm. 


B. Accomplishments (in school mathe- 
matics) 


1. 


An attempt is being made to de- 
velop mathematics-education as a 
science. 


. Psychologies of learning, teaching, 


motivation, etc. are being studied 
and applied in classroom work. 


3. The curricula of the elementary 


school and lower secondary school 
are gradually being adjusted to the 
individual pupils rather than the 
pupils to the course of study. The 
individual Japanese pupil is be- 
coming much more important than 
he ever was in pre-war Japan. 


. Aptitude and mental ability test- 


ing is now being used in guidance 
and for class groupings. 


. Arithmetic taught in the ‘“expe- 


rience curriculum” is accepted as 
sound procedure, but teachers are 
demanding additional class time 
for practice in arithmetic skills 
and fundamental operations after 
meanings and concepts are devel- 


13. The Japanese written language 
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oped in realistic problem situa- 
tions. 

. Since lower secondary school at- 
tendance is compulsory and the 
range of intelligence and mathe- 
matical aptitude among pupils is 
increasing, mathematics beyond 
the ninth grade is elective. (In 
the ninth grade pupils with low 
aptitude for mathematics usually 
do not elect the basic Analysis I 
course but a general mathematics 
course of typical American style.) 
. The selection and grade placement 
of mathematics content for the 
upper secondary school is being 
studied carefully. The universities 
expect the graduates from high 
school to have a working knowl- 
edge of calculus before they enter. 
They usually start their college 
work with advanced calculus. 

.. Normal schools were reorganized 
into universities of education (one 
in each prefecture). Departments 
of education in which mathemat- 
ics-education is taught have been 
established in all national uni- 
versities. New positions, profes- 
sors of mathematical education, 
have been created. 


9. Summer sessions and in-service 


educational programs are doing 
much to up-grade the teaching of 
mathematics. 

. The training program for teach- 
ers of mathematics now includes a 
course in mathematics-education. 
This was not the case in pre-war 
Japan, except in the two higher 
normal schools of Tokyo and 
Hiroshima. 


‘. Some unsolved professional problems 


. Teacher education in the new 
national and public universities of 
Japan does not have the facilities 
(buildings, labs, shops, libraries, 
etc.), the trained faculties, nor the 
professional programs (except in 


mathematics-education) for top- 
flight work. 


. The new universities are not at- 


tracting students in sufficient num- 
bers to prepare elementary and 
secondary school teachers to man 
the classrooms in the rapidly ex- 
panding free school system of 
Japan. 


. The departments of education in 


the large and famous national 
universities have not yet fully 
accepted their responsibility in 
the field of teacher education. 
Provisions need to be made for: 

a) financing the advanced 
training or re-training of 
staff members. 

b) financing graduate pro- 
grams to prepare staff 
members for other colleges 
and universities, superin- 
tendents of schools, di- 
rectors, principals, research 
specialists in education, 
etc. 


. In-service education requires: 


a) better staffs 

b) more comprehensive pro- 
fessional programs 

c) more easily accessible uni- 
versity service centers 


. The problem of preparing persons 


to conduct research and experi- 
ments in the schools of Japan—to 
find the solutions to their own 
professional problems—is a major 
one. A few weeks ago I received a 
report of mathematics-educational 
research being done in Japan. It is 
a very encouraging report. 


3. The problem is acute in classes 


such as mathematics. It is not 
unusual to find 50-60 pupils in 
one class. 


. School textbooks and other in- 


structional materials are costly. 
Pupils cannot afford to buy them. 
It was hoped that by the year 1952 
the basic arithmetic and the Japa- 
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nese literature books would be fur- 
nished free. The Prefectural Board 
of Education and the Ministry of 
Education agreed to pay the bill. 

. While the teachers’ salaries are 
supposedly on a par with other 
civil service employees, the sala- 
ries paid to teachers are much too 
low. Average salary for elementary 
school teachers for a_ twelve 
months’ term is approximately 
$360; secondary school teachers 
about $400 for twelve months; 
college professors about $900. 


This account is, of necessity, brief. In 
no sense is it complete. Further develop- 
ments are taking place rapidly in Japan 
and new problems will most certainly arise 
in the future. 

Japan’s hope for the future rests with 
her schools. She needs our help. She appre- 
ciates the services we try to render. How 
can we help her democratize her schools 
and develop mutual and lasting friend- 
ships? The Japanese are anxious to be our 
friends. In the interests of peace and good 
will, shall we as teachers of mathematics ac- 
cept the challenge? 


High Schools’ science work termed “sad” 


Must meet Russia’s level: Strauss 


Russia’s apparent production of scientists and 
engineers at a faster rate than that prevailing in 
the United States is causing increasing concern 
among top Washington officials. 

As one suggested remedy, Lewis L. Strauss, 
chairman of the Atomic Energy Commission, 
proposes that “every engineer and scientist in 
the country” volunteer to teach physics, chem- 
istry, and mathematics a few hours a month in 
the high schools 

He also suggests that colleges raise their 
minimum entrance requirements in physics and 
chemistry, thus forcing secondary schools to cor- 
rect what he terms the ‘“‘sad” level of scientific 
study in the high schools. 

In line with one of Strauss’ proposals, 
Brigadier General David Sarnoff, board chair- 
man of Radio Corporation of America, urged 
last week that a ‘national educational reserve” 
be created. 

“T have in mind,” he said, ‘‘the release—-with 
full pay for at least a year—of a reasonable num- 
ber of men and women for teaching assignments 
in the local schools.” 

Another proposal now being discussed by 
some Officials in Washington is establishment of 
a national science academy, akin to the military 
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academies, where bright sliderule boys would 
receive a free federa] education in return for 
giving the government their technical skills for 
a specified number of years. 

President Barnaby C. Kenney of Brown 
University took the opposite tack in a speech 
here last week in which he deplored America’s 
lack of ‘‘confidence”’ in her abilities. 

“We cry in loud and piteous voices,” he said, 
“that the Russians produced more scientists last 
year than we did, though we do not inquire 
whether these scientists are able or not.” 

Washington officials, however, do not tend 
to minimize the skills of Russian scientists. 

Strauss says that the display of Soviet scien- 
tific knowledge at last summer’s Geneva atomic 
conference ‘‘was sufficient to shatter any com- 
placency we may have enjoyed in regard to our 
own imagination and ability.” 

He concludes that Russia now turns out 
“well-trained” and “highly competent” scien- 
tific personnel. 

That, in brief, is the belief of responsible 
officials in the Eisenhower administration—and 
they’re worried about it.—Fletcher Knebel, 
Washington Bureau. Taken from the Des Moines 
Sunday Register, January 29, 1956, 


@ DEVICES FOR A MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, Monroe High School, St. Paul, Minnesota 


Area device for a trapezoid 


Figure 1 


Illustrated in Figure 1 is a clever little 
student-made device which is useful in de- 
veloping the usual formula for the area of 
a trapezoid (S=4h[{b+b’]). The device is 
in two parts: (1) a rectangular piece of 
fir 3”<6" X18"; and (2) a double set of 
vertical runners which are attached to 
two narrow strips of wood that slide freely 


by Emil J. Berger 


along the top and bottom. Lines AD and 
BC are pieces of white elastic. A look at 
the illustration will reveal that the shape 
of the trapezoid ABCD may be varied as 
desired by sliding the double set of run- 
ners to the left or right. 

The manner of using the device for the 
purpose suggested is indicated by the fol- 
lowing development. The area S of the 
trapezoid is obviously equal to the sum of 
the areas of triangle ADE, rectangle 
CDEF, and triangle FBC. Thus, 


S=(3hr+hb+4hy) 
S= $h(x+2b+y) 
+0]. 
Let b’=(x+b+y). 
Then, S=3h(b+5’). 


How to draw a multiplication and 


division nomograph 


by Donovan A. Johnson, University of Minnesota High School? 


Draw three equally spaced lines A, B, 
and C as indicated in Figure 2. Divide 
lines A and C into equal logarithmic 


Minneapolis, Minnesota 


scales. Divide line B into two logarithmic 
scales with each scale half as long as the 
scales on A and C. With a straightedge 
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connect any number on A with a number 
on C. The product of these two numbers 
will be found at the point on B located by 
the intersection of the straightedge 
(A-C=B). This nomograph may also be 
used to find quotients (B/A =C). 

When equal numbers are connected on 
scales A and C, the product on scale B is 
obviously the square of the number on A 
(or C). If the straightedge is placed per- 
pendicular to line B, then for any number 
on B the reading on A (or C) is the square 
root of the number on B. 


3 4 56789! 


Letters to the editor 


Continued from page 346 


Yearbook.) Any device that helps in attaining 
this important objective is welcome. Even the 
narrow teaching practice properly attacked by 
the author as uninspiring can be made to yield 
greatly improved results if the ‘‘normal proposi- 
tion” is varied by relaxing the given, by strength- 
ening the given, and by relaxing and strengthen- 
ing the conclusion. Ultimately the series of 
propositions obtained in this way would corre- 
spond to those obtained by invention and dis- 
covery. The approach is a matter of taste, cer- 
tainly not a matter of thought control. 

Very truly yours, 

Charles T. Salkind 


Dear Sir: 

Ever since high school days I have been al- 
lergic to sentences such as “It can be proven 
that....’’ “The proof is beyond the scope of 
this course.” I came across such a sentence in 
Mr. Olmsted’s article, ‘“‘Parabola device” (THE 
MaTHEMATICS TEACHER, October 1955, pp. 
407-8). After showing that the equation of a 
certain family of straight lines is 


the author goes on: “In the calculus it is shown 
that the envelope of a family f(z, y, a) =0 is ob- 
tained by eliminating the ‘parameter’ a from the 
system of two equations f(z, y, a)=0 and 
¥, a) =O...” 

May I suggest a means not involving the cal- 
culus of finding the equations of envelopes of at 
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least some families? The equation f(z, y, a) =0 
relates the coordinates of any point through 
which a member or members of the family pass 
with the parameter a@ (in the present case the 
z-intercept), of the line(s) of the family through 
that point. If we solve that equation for a we 
shall in general find several solutions, one for 
each tangent to the envelope through the point. 
If the point chosen lies on the envelope, two such 
tangents will coincide. This will be indicated by 
a double solution. 

Mr. Olmsted’s equation may serve to illus- 
trate the method: Solving the equation we have 


hence 


—(y—2-1) 
2 


This will yield a double solution if and only if the 
discriminant is zero. Therefore, by setting the 
discriminant equal to zero we should obtain the 
equation of the envelope of the family. And we 
do indeed arrive at the same equation that Mr. 
Olmsted’s excursion into the calculus has yielded. 
I have tried both the method here described 

and the conventional method on a few families 
of curves whose equations were of the second de- 
gree in —. In every case tried, the non-calculus 
method was shorter as well as easier. 

Sincerely yours, 

Cari BERGMANN, 

New York 31, New York 


2 3 4 56/7891 
2 3 45678691 2 
| 2 3 4 8678691 
Figure 2 
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@ HISTORICALLY SPEAKING, — 


Edited by Phillip S. Jones, Unwersity of Michigan, Ann Arbor, Michigan 


Archytas’ duplication of the cube 


by R. F. Graesser, University of Arizona, Tucson, Arizona 


Archytas of Taras was a Pythagorean 
and a friend of Plato. He flourished in the 
first half of the fourth century B.c. and 
was a paragon of accomplishments. Fa- 
mous as a mathematician, as a statesman, 
and as a philosopher, he was also unde- 
feated as a general. He devised one of the 
first and most remarkable solutions of the 
problem of duplicating the cube, i.e., 
constructing the edge of a cube whose 
volume is twice that of a given cube. His 
solution deserves to be more widely 
known. It was based on solid geometry 
and used, of course, pure geometry. What 
follows is a simplification, using spherical 
coordinates, of Archytas’ solution. The 
reader unfamiliar with spherical coordi- 
nates is referred to Figure 1, in which P 


Figure 1 


is any point with the rectangular coor- 
dinates (x, y, z) and the spherical coor- 
dinates (r, 6, ¢). The distance, OP, or the 
radius vector of P, is r. Also @ is the co- 
latitude of P and is the angle so labeled. 
Likewise ¢ is the longitude of P as labeled 
in the figure. It will be convenient to 
write p for r sin 6, where p is then the 
radius vector of the orthogonal projection 
of P on the zy plane. 

Archytas’ solution of the duplication 
problem consists in finding p for the 
point of intersection of three surfaces, 
viz., a circular cylinder, a circular cone, 
and a torus or anchor ring. (See Fig. 2 
and Fig. 3.) We need the equations of 
these three surfaces. To obtain that of the 
cylinder, let P’ in Figure 2 be any point 


Figure 2 
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on it, and let a be its radius. Then, for 
al] points on the linear element through P’ 
(1) 
which is then the desired equation of the 
cylindrical surface. The torus, or anchor 
ring, has its inner radius equal to zero and 
is generated by revolving the circle 
(y—a)?+2?=a? in the yz plane about the 
z axis. Let P” be any point on this torus. 
Then from the figure 


2a cos =r, 
2 


or 2a sin 6=r. Multiplying both members 
by r we obtain 2ar sin 0@=r?, or 


p=2a cos ¢, 


(2) 2ap=r’, 
when p is written for r sin 6. This is the 
equation of the torus. Let the semiangle 


at the vertex of the cone be 7/3, and let 


Figure 3 


P’” be any point on the cone. The p and r 
of P’”’, when projected on the z axis, will 
have the same length which gives us 
p cos ¢=r cos (x/3), or 


(3) 


This is the equation of the cone. Equa- 
tions (1), (2), and (3) may now be solved 
simultaneously for the p of the point P in 
which all three surfaces intersect. Equat- 
ing the values of cos @ obtained from (1) 
and (3), we have p/2a=r/2p, or r=p?/a. 
This value of r substituted in (2) gives 
2ap=p*/a?. Whence, p*=2a’, or p=~/2a. 
Thus the ratio of the edge of any cube to 
the edge of the cube of double its volume 
is that of radius a of the cylinder to the p 
of the point P common to the three sur- 
faces—a most ingenious solution of the 
problem of duplicating the cube. 


pcos = r/2. 
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Editor’s note 


Professor Graesser’s diagram, model, and 
modern symbolic proof of Archytas’ procedure do 
an excellent job of making clear Archytas’ hard- 
to-visualize solution of the duplication problem. 
Perhaps a few added remarks will increase its 
historical significance and its modern pedagogi- 
cal utility. 

Prior to Archytas, Hippocrates of Chios 
(circa 460 B.c.) had shown that the duplication 
of the cube problem could be solved if one could 
find two numbers “in continued mean propor- 
tion” between two given numbers. In modern 
notation this means: given numbers c and d, 
find z and y such that 


r 


That this is true follows from the fact that these 
proportions give the equations 


(5) 
(6) y?=dz 
(7) zy =cd 


Solving any two of these simultaneously gives 
y = \/cd*. If now we take c=2 and d=1 we 
have y= 1/2. 

That Archytas’ procedure was actually a 
means of solving this continued mean propor- 
tion problem is seen by noting that Professor 
Graesser’s equations (2) and (3) may be written 
as 2a/r=r/p and r/p=cos ¢/cos a where a is the 
semiangle at the vertex of the cone. Now by 
multiplying numerator and denominator of the 
last fraction by 2a, noting that p=2a cos ¢ by 
equation (1), and equating equals we have 


(8) 


Mathematics on stamps 


A list of stamps carrying portraits of 
mathematicians was published by the 
author in the November 1955 number of 
THe Matuematics TEACHER. Important 
omissions in this list were kindly called to 
the author’s attention by several readers. 
Also, during the year 1955 many new 
stamps were brought out in honor of 
mathematicians. All of these stamps are 
listed below and should be added to the 
list given previously. 

A very striking stamp (one of a set of 
four) was issued in 1955 by Greece to com- 


by H. D. Larsen, Albion College, Albion, Michigan 


This we see is our version of Hippocrates’ result, 
equation (4). lf now we take cos a=} or a=7/3 
as Professor Graesser did, formula (8) is 
specialized such that p = \/2 as he demonstrated. 

The actual direct determination of the length 
p by Archytas’ theoretically exact procedure 
can easily be seen to be very difficult if not im- 
possible because of the three dimensional nature 
of the configuration. Menaechmus (ca. 350 B.c.) 
discovered that the continued mean proportion 
problem could be solved in two dimensions by 
finding the intersection of two parabolas or a 
parabola and an hyperbola as is shown by our 
equations (5), (6), and (7). This was the first 
appearance of the conic sections in Greek mathe- 
matics and perhaps in all mathematics. The 
later role of these curves in both mathematics 
and in the study of the physical world is another 
and well-known fascinating story. 

The duplication problem and its solution by 
conics also played a role in Omar Khayyam’s 
study of cubic equations. Several recent notes 
in THe Matruematics Teacuer* furnish addi- 
tional data on the duplication problem and its 
history and provide several good projects for 
either geometry, algebra, or trigonometry 
classes.—P. S. J. 


*Juan A. Sornito, ‘Two Cube Root Curves,” THE 
Martuematics Teacuer, XLVII (December 1955), 
560 


P. S. Jones, ‘‘Lill’s Method,” Toe Matuematics 
Teacner, XLVI (January 1953), 35. This shows how 
a much more recent graphical device for solving poly- 
nomial equations in general really includes an ancient 
Greek mechanical device for solving the continued 
mean proportion problem. 

Standard histories of mathematics, especially 
Greek mathematics, will also have more data, of 
course. 
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memorate the 2,500th anniversary of the 
founding of the Pythagorean School. This 
stamp, in black and white, pictures a 
3-4-5 right triangle, a special case of what 
was perhaps the most important theorem 
due to the Pythagoreans. 

Catalogue numbers and descriptions 
cited below are those in Scott’s Postage 
Stamp Catalogue, 1956. 


Avicenna (979-1037) 
Persia, 1954: 

B32. 1r+4r violet brown 
B33. 24$r+1ir blue 
Buffon, Comte de (1707-1788) 

France, 1949: 
B241. 12fr+4fr purple 
Carnot, Lazare (1753-1823) 
France, 1950: 
B251. 10fr+4fr lake 
Copernicus, Nicholas (1473-1543) 
Poland, 1955: 
672. 40g violet on violet 
Russia, 1955: 
1752. Ir multicolored 


Fragastero, Girolamo (1476-1533) 
Italy, 1955: 
685. 251 gray black and brown 
LaPlace, Pierre Simon (1749-1827) 
France, 1955: 
B298. 30fr+9fr rose brown 
Leibniz, Gottfried Wilhelm (1646-1716) 
East Germany, 1950: 
10N66. 24pf red 
Monge, Gaspard (1746-1818) 
France, 1953: 
B279. 18fr+5fr dark blue 
Pythagorean School (fl. 530-510 B.c.) 
Greece, 1955: 
582. 2d green 
583. 34d intense black 
584. 5d plum 
585. 6d blue 
Quevado, Leonardo Torres (1852-1939) 
Spain, 1955: 
C146. 50p bluish gray and black 
Valéry, Paul Ambroise (1871-1945) 
France, 1954: 
B290. 30fr+10fr deep claret 
Vega, Baron Jure (1756-1802) 
Jugoslavia, 1955: 
417. 50d deep claret 


Mr. Conant looks at Europe 


What are Europe’s schools like after two 
world wars? Not much different than they were 
before 1914. The overwhelming majority of 
children rarely go beyond a common school edu- 
cation. A tiny minority of elite are prepared for 
secondary schools, which, in turn, prepare the 
intellectually able for the university. So says 
Dr. James Conant, U. 8S. ambassador to Ger- 
many. 

Only 10 per cent of Europe’s youth reach 
the high school. At the early age of 11, 12, or 13, 
European children are separated by an iron net 
of schoo] grades and examinations into those 
who quit school and go to work and those who 
will enter the university, Dr. Conant said in 


interviews held while he was in New York City 
in January. 

The high school in Europe, Dr. Conant said, 
“would delight the hearts of some of our dedi- 
cated subject-matter professors.” The cur- 
riculum is heavy with ancient and foreign lan- 
guages, stiff courses in mathematics, science, and 
history. Secondary-school students work hard 
and long. They memorize entire textbooks. For 
them there is in reality ‘‘full-time’’ education. 
“But for 90 per cent of those who are not 
destined for the secondary school,’’ Dr. Conant 
explained, “there is no full-time education. 
Many millions of European children attend no 
more than five hours a week of schooling.’’— 
Taken from Edpress News Letter, vol. 17, no. 9, 
January 24, 1956. 


“In mathematics, equals means the same as 
alias.’’—Kershner and Wilcox, The Anatomy of 
Mathematics. 


“These ideas we inherit . . . are never static. 
They are either fading into meaningless formu- 
lae, or are gaining power . . . by a more delicate 
apprehension.’’—Alfred N. Whitehead, Science 
and the Modern World. 
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Edited by Adrian Struyk, Clifton High School, Clifton, New Jersey 


Odd and even—a game 


by P. H. Nygaard, North Central High School, Spokane, Washington 


There are two well-known mathemat- 
ical recreations that start with a square 
framework consisting of three rows and 
three columns, each with three cells. In 
one of these the problem is to form a 
“Magic Square’ by inserting into the 
spaces the digits 1 to 9 so that the sum 
in each row, column, and diagonal is 
exactly 15. The other is the game of 
“Tick-Tack-Toe,” in which two players 
alternately place X’s and O’s in the 
spaces, the winner being the one who first 
gets either three X’s or three O’s in any 
row, column, or diagonal. A new game, 
“Odd and Even,”’ which the author has 
tried out in his high-school classes, com- 
bines competition between two players, 
as in “Tick-Tack-Toe,”’ and the use of 
numbers to add up to 15, as in the “Magic 
Square” puzzle. 

The rules of the “Odd and Even” game 
are simple. Two pairs of crisscrossing 
parallel lines are drawn to form the 
familiar tick-tack-toe framework. One 
player has at his disposal the odd num- 
bers 1, 3, 5, 7, 9; the other has the even 
numbers 2, 4, 6, 8. Since there is one 
more odd number than even number, the 
odd player always starts by placing one of 
his numbers in any of the nine spaces. 
The even player then puts one of his 
numbers in any space still open. The 
players continue to take turns placing 


their numbers in any open space. No 
number can be used more than once. 
The winner is the player who first places 
one of his numbers in any row, column, 
or diagonal so that the sum of his number 
and the two numbers already in that line 
is exactly 15. No win is scored unless 
there are three numbers in the line. If no 
one gets a line of 15, the game is a draw. 
In the next game the player who had the 
odd numbers should take the even num- 
bers, so that the same player does not 
always start. 

The procedure will be demonstrated by 
three specimen games, as diagrammed 


8 

4 
The order of play in the first game was 9, 
6, 1, 8, 3, 4, 5, 2, 7. The odd player won 
the game with the line containing 6, 7, 2. 
The sequence in the second game was 5, 4, 
7, 2, 9, 8. The even player won with the 
line 8, 5, 2. In the third game, which re- 
sulted in a draw, the order was 7, 2, 9, 
8, 3, 4, 1, 6, 5. These illustrations are not 
intended to show best modes of play for 
either side. 

Most games observed between high- 
school students seem to be draws. If the 
players are careless, either side seems to 
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have about equal chances. It is the au- 
thor’s opinion, however, that the odd play- 
er has the advantage if he plans his play 
several moves ahead. Perhaps exhaustive 
analysis will show that the odd player can 
always force a win. The author would like 
information regarding results or systems of 
play from anyone who gives “Odd and 
Even” some study and trial. 


Errata notice 


The table of Stirling II numbers published in 
the February 1956 issue of THE MarHematics 
Teacuer (XLIX, 128-133) contains the follow- 
ing error: in column 24, line 3, for 23 read 32. 
That is, 


=4 70632 00806. 
An obvious error also occurs on page 128 in 


equation (1) of the introduction. For the left- 
hand member read z* instead of «“™,—Editor. 


Have you read? 


DunninG, R. “The Best Jobs in Tomor- 
row’s World,” Town Journal, December 
1955, pp. 20-21 and 67. 

Math, chemistry, and physics may be tough, 
but those who can master them will get the best 
jobs in tomorrow’s world. This statement is one 
all mathematics teachers should consider and 
bring before their students. The article is packed 
with information of interest to the potential 
scientist. He will want to know that only 20,000 
were graduated last year when 40,000 were 
needed, that each had an opportunity for three 
to four jobs at over $400 per month. He will be 


interested to know that in several years his in- 
come will go to $15,000 or maybe $30,000, that 
over one-third of the presidents of 150 leading 
industries are engineers, and that he may 
specialize in many areas of engineering, such as 
chemical, civil, electrical, industrial, mechani- 
cal, metallurgical, and probably many others. 

You will be interested in the criteria one may 
use to select the potential scientist. Even your 
students will want to know these criteria. I 
think this is a reading must for both teacher and 
student.—Puitiep Peak, Indiana University, 
Bloomington, Indiana. 


Lines from a red pencil 
By Katharine O’ Brien, Deering High School, 


Portland, Maine 


At the end of the day no end to the toil— 
Still tests to correct by the midnight oil. 
I’m a perfect fright 


By Friday night. 


There are lots of jobs that are much more glam- 


orous, 


The salary question has long been clamorous. 
Then tell me quick— 


Why do I stick? 


It’s Willie—the way he devours the stuff. 
Comes back for more—can’t get enough. 


Oh, what a boy! 
My pride and joy. 


If we tackle a problem that calls for a tussle, 
The look on his face as he uses his muscle! 


Deep down inside 
I purr with pride. 


Some day he’ll rank as a research scholar. 
(And I’ll be down to my bottom dollar.) 


I know it’s silly, 


But I teach for Willie. 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


Rationalizing multiplication 


of decimal fractions 


by John L. Marks, San Jose State College, San Jose, California 


The importance of decimal fractions in 
modern life is increasing. They are needed 
for reasoning and problem solving in ma- 
chine shops, technical and scientific labo- 
ratories, business offices, and testing 
rooms; they are used by adolescents and 
adults in do-it-yourself projects, in hot- 
rod building and repairing, in figuring and 
interpreting results of certain athletic 
events, and in many other activities. 

Junior-high-school teachers have the re- 
sponsibility not only of furnishing re- 
fresher and remedial activities for multi- 
plication of decimal fractions, but also of 
providing new approaches to understand- 
ing of the algorism. Ample evidence is 
available to support the conclusion that 
drill in a given process without the de- 
velopment of the mathematical rationale 
of that process is inadequate. Further, 
repetition of the approach used when the 
topic was originally introduced is ordi- 
narily ineffective both as a remedial ex- 
perience or for refining mathematical 
meanings. Specifically, it should be recog- 
nized that few if any pupils, when entering 
the junior high school, have mature con- 
cepts of decimal fractions or a satisfactory 
understanding of algorisms. 

As one outcome of the study of multi- 
plication of decimal fractions, every pupil 


should be able to use with understanding 
the rule governing this operation: Multi- 
ply as with integers and point off as many 
decimal places in the product as the com- 
bined number in the multiplier and multi- 
plicand. The ability to use this rule effec- 
tively in computation is temporarily 
achieved, but the skill is soon forgotten 
by many pupils. The desirability of and 
techniques for developing understanding 
of the law in the course of remedial work 
are often overlooked. The purpose here is 
to show briefly how the mathematical 
rationale for decimal multiplications may 
be developed through various estimation 
techniques and close attention to place 
value. 

1. Methods of estimating answers. Esti- 
mation of answers prior to computation 
not only affords a check by revealing un- 
reasonable results, but also provides confi- 
dence in the rule for placing the decimal 
point. Many decimal multiplications can 
be estimated by elementary methods, 
while others incorporate more mature 
concepts of place value or division by 
powers of ten. Whatever technique is em- 
ployed, estimations should be performed 
mentally to be useful; hence, simplified 
procedures within the ability of most 
pupils are necessary. 
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a) Mental approximation by rounding off. 
Pupils should be guided in recognizing 
that, for purposes of estimating, parts of 
both multiplier and multiplicand which 
contribute least to the product can be dis- 
carded in arriving at factors that are easy 
to handle. Even relatively large adjust- 
ments to simplify both factors provide 
useful approximations. Thus, in the multi- 
plication .05X42.7 one estimation is .1 
<x40=1/10 of 40, or 4. Here, even dou- 
bling the multiplier yielded a suitable esti- 
mation, since possible exact answers might 
be: .2135, 2.135, 21.35, 213.5, ete., and the 
one of these closest to 4 is 2.135. A more 
refined method has the estimation pre- 
ceded by “less than” or “more than.” 
Thus, in the above example the correct 
thinking would be “the answer is less 
than .1 X40,” since for purposes of esti- 
mation the multiplier was doubled while 
the multiplicand was decreased by less 
than 1/10. 

It is readily observed that approxima- 
tion may be less precise than is commonly 
realized and still be useful. For most deci- 
mal multiplications within the environ- 
ment of the average person any of a wide 
choice of factors is adequate for locating 
the decimal point by estimation. Given 
8.23 X78.7, the factors may be rounded 
off as 10100. These are good choices, al- 
though not necessarily those which pro- 
vide the most accurate approximation, 
since they are the simplest numbers with 
which to compute and the estimated prod- 
uct (1000) makes it possible to eliminate 
incorrect answers from among the follow- 
ing possibilities: 6.47701, 64.7701, 647.701, 
or 6477.01. 

b) Using division by ten and powers of 
ten. The procedure outlined under (a) 
also applies with factors less than one. 
Approximate solutions may be obtained 
by applying generalizations covering di- 
vision by ten and powers of ten. In .002 
58.7 one thinks .001 X50 (interpreted as 
1/1000 of 50) and moves the decimal 
point in 50 three places to the left to ar- 
rive at an estimate of .05. Or in .041 


7.63 one reasons: .04 or 7=4X1, 100 of 
7; this is 1/100 of 4X7, or 1/100 of 28; 
hence, the estimate is .28. 

c) Establishing bounds between which 
products are located. Frequently it is pos- 
sible to make two approximations, one 
stated “less than’’ and the other, “more 
than.’’ These are upper and lower bounds 
for the product. For example, given 3.6 
4.82, the pupil who thinks 3xX4=12 
recognizes his estimate is too small and 
knows the answer is more than 12. If he 
uses 4X5=20, he realizes the estimate is 
too large and reasons that the answer is 
less than 20. As a result he has established 
values 12 and 20 between which the exact 
answer falls. With experience he will come 
to observe that the factors seem closer to 
4 and 5 than to 3 and 4, indicating the 
product is closer to 20 than 12. 

The methods for estimating described 
above are within the abilities of most 
junior-high-school pupils. They are useful 
not only to develop confidence in compu- 
tational procedures, but also to add 
variety in checking answers. 

2. Rationalizing multiplication of decimal 
fractions by converting to common fractions. 
Any multiplication problem expressed 
using decimal fractions can be solved by 
converting the factors to common frac- 
tions. Examples illustrating the method 
are: 


3X2 


3X5.2=3/10X5 2/10=3/10 52/10 
= 156/100 = 1.56. 


Solutions in this form are not used for 
purposes of providing drill, although they 
do show a method of obtaining an answer. 
More important, however, they furnish 
an opportunity to discover the rule for 
placing the decimal point. Pupils, after 
completing the following table, have the 
necessary data needed to formulate the 
law. 
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u 

p 

4 


Decimal 
places in 
multiplier 


Problem 


Decimal 
places in 
multiplicand 


Number of 
decimal places 
in the 
product 


Answer (secured 
by using common 
fractions) 


3X .2 0 


1 


3.1X4.71 


.3X5.2 


The completion of these and other ex- 
amples enables pupils to suggest the tenta- 
tive hypothesis: The quantity in column 
two plus the quantity in column three 
equals the quantity in column five. Check- 
ing this theory with additional problems 
makes credible the mathematical law. It 
should be understood that no rule has been 
proved by this inductive or experimental 
method. However, investigating separate 
cases, developing hypotheses, and check- 


ing them is a means of verifying known 


laws and making them more plausible. 

3. Rationalizing multiplication of decimal 
fractions by means of place value concepts. 
While studying the multiplication of 
decimal fractions, pupils review and 
refine their understanding of some im- 
portant generalizations: ones Xtenths 
=tenths; tenths Xtenths=hundredths; 
tenths X hundredths=thousandths, ete. 
These and other related generalizations 
may be clarified by experimentation and 
recording of the data as follows: 


Problem 


Statement 


Answer (using 
common 
fractions) 


Decimal part 
of the answer 
expressed as 


Statement 
of product 


.21X3 


hundredths 


63/100 


hundredths 


hundredths 


times ones 


times ones = 
hundredths 


hundredihs 
times tenths 


hundredths 
times tenths= 
thousandths 


thousandths 


Rationalizing the rule for locating the 
decimal point in products is now possible 
using these place value concepts. In the 
example 4 X 2.163 the smallest units in the 
product result from the multiplication 
4X3 thousandths; since this partial prod- 


uct is thousandths, the answer contains 
three decimal places. Likewise, in 21.67 X 
39.4 the smallest numbers in terms of 
place value are 7 hundredths in the multi- 
plier and 4 tenths in the multiplicand. 
Their product, thousandths, is the “small- 
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1 2 14.601 3 


est’’ in the answer, so the decimal point 
is located three places from the right in 
the product. Developing an understand- 
ing of the principles described above is 
aided if pupils are encouraged to locate 
decimal points in the partial products 
and record the factors as shown in the 
example below: 


8X3.94 
2X3.94 


11.032=2.8X3.94 


The thinking accompanying this opera- 
tion is: tenths X hundredths = thousandths 
ete. 

Other methods for locating the decimal 
points in products make use of general- 
izations relating to multiplication and di- 
vision by ten and ten to a power. Multi- 
plying by 6.21 is equivalent to a multipli- 
cation by 621 followed by a division by 
100. Similarly, multiplying by 31.9 yields 
the same result as multiplying by 319 
and dividing by 10. These facts lead to 
the solution of 6.21X31.9 as follows: 
6.21 X 31.9 = (621 + 100) X (319 + 10) = 
(621X319) +1000. The operation is ver- 
balized thus: ‘Multiply as if no decimals 
are present, and divide the answer by 
1000.” It is observed that dividing by 1000 
moves the decimal point three places to 
the left in the product thereby justifying 
the algorism for this example. 

A variation of the method just de- 
scribed compares all decimal multiplica- 
tions to that problem with the decimal 
points removed. Thus, to complete 8.2 X.7 


one multiplies 82 X7 obtaining a product 
of 574. But both factors in the original 
example are 1/10 as large, making the 
correct product 1/100 as large; hence, 
8.2.7 = 5.74 (1/100 of 574). 

The ideas discussed above are useful 
in a refresher program when it is impor- 
tant that pupils do not lose sight of the 
mathematical “why” of the process. 
They provide a logical basis for rules, 
and thereby promote pupil understanding 
of the algorism. 

An evaluation of the effectiveness of 
these procedures would be obtained by 
securing answers to these questions: Are 
pupils increasingly sensitive to the reason- 
ableness of answers? Do they understand 
the reason for whatever rule they may 
use in “pointing off’ products? Is the 
amount of repetitive practice necessary 
to complete learning reduced? Are skills 
and understandings transferable to new 
situations having similar and related 
elements? When pupils have forgotten 
the procedures normally used, do they 
substitute methods that secure the cor- 
rect result or help them to recall the usual 
approach? 

A junior-high-school program that 
achieves the outcomes sought from arith- 
metic instruction at that level must lead 
to affirmative answers to questions such as 
these. Each pupil must develop the ability 
to think with and about numbers as well 
as to improve his skill in computation. To 
this end, “discovery” and “thinking’’ 
activities such as outlined here must be an 
integral part of the experience of every 
pupil. 
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@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Brooklyn College, Brooklyn, New York 


Mathematics and Nazism 
in retrospect... 


Momentous events cannot be adequate- 
ly appraised until viewed in_ historical 
perspective. It is now upwards of a quar- 
ter of a century ago that the preposterous 
myth of ARYAN mathematics was foisted 
upon a bewildered world. At the same 
time, the education of Nazi youth was 
distorted and twisted beyond belief, the 
perversion seeping down even into the 
area of mathematical instruction. Under 
the Nazis, so-called “free’’ or liberal pro- 
fessions such as the law, medicine, science, 
and teaching were rigidly controlled and 
regimented. Since such professional people 
were preoccupied with non-economic mat- 
ters, their activities were inimical to 
totalitarianism. This partially explains the 
perverted educational policies, the enun- 
ciation of a ‘Nazi theory of physics,” and 
the alleged “purification of mathematics.” 

In the early days of the Hitler regime 
when, among other things, science and 
mathematics were being ‘“‘purified,”’ it was 
decreed that ‘foreign’? words denoting 
mathematical ideas were to be ruthlessly 
eliminated. All words of Latin, Greek, or 
other non-Germanic origin, as for example 
Geometrie, Arithmetik, Quadrat, Kongruenz, 
Zylinder, were to be replaced by equiv- 
alent native Teutonic forms. Thus, Deck- 
ungsgleichheit was to be substituted for 
Kongruenz; Walze, for Zylinder; Spiegel- 
ung, for Symmetrie; and so on. The pro- 
posed “purge’’ was exhaustive and met 
with almost complete success, on paper 
at least. Almost complete—for, although 
scores of such terms could be rendered into 
equivalent Germanic forms, yet the word 
“mathematics” itself proved to be a 
stickler. In most modern European lan- 


guages the word for mathematics is easily 
recognized: mathématique (French), mate- 
matica (Italian), matematicos (Spanish), 
Mathematik (German), and so on. But 
when it came to purifying the word 
““Mathematik,” ironically enough, no na- 
tive German word could be found to take 
its place! 

One of the many colossal and fantastic 
intellectual lies perpetrated by the Nazis 
was the claim of the superiority of “Nordic 
mathematics.’’ It was dogmatically as- 
serted that mathematics was a mirror of 
racial characteristics and an irrefutable 
index of racial traits. To show the desir- 
ability of “Aryan mathematics,” it was 
urged that the greatest geometers— 
Steiner, Mébius, von Staudt, Riemann, 
Lie, and Grassmann—were all Teutonic. 
It was claimed that non-Aryans were no- 
tably lacking in spatial perception, that 
they under-valued the significance of in- 
tuition and tended to deny sensory evi- 
dence, and that they manifested an un- 
reasonable liking for paradoxes. The 
Semitic peoples, it was further suggested, 
were lacking in. qualities of imagination— 
hence, the preference for Abel over Jacobi, 
of Riemann over Einstein, and so on. In 
fact, the preposterous claims went to even 
more absurd lengths. It was brashly as- 
serted that there existed a German math- 
ematics and a Jewish mathematics—two 
entirely separate worlds. Jaensch’s ques- 
tionable psychological theory of types was 
freely drawn upon; thus, the French and 
Latins were supposedly the abstract- 
thinking S-type, whereas the Germans 
were of the I-type, who were most recep- 
tive to reality. As prototypes of the al- 
leged German-Jewish antithesis in math- 
ematics, they pointed to “Gauss the 
Saxon, and Jacobi the Oriental.” Atten- 
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tion was called to the clear and limpid 
style of Gauss and his leanings toward in- 
tuition; Jacobi was portrayed as willfully 
abstract, diabolically clever, and pos- 
sessed of ruthless egotism and intellectual 
arrogance. 

The Jews were held responsible for the 
distinction between pure and applied 
mathematics. It was contended that Jew- 
ish thought exploited material already at 
hand, while Aryan thought was genuinely 
creative. The non-Aryan way led to the 
dehumanization of mathematics, to di- 
vorcement from nature and intuition: 
“There can be no complete mathematical 
domain independent of intuition and life; 
hence, the dispute over fundamentals now 
raging in mathematics is in reality a race 
struggle. Deep-rooted political implica- 
tions mold the style of thought.’’ So 
mathematics had to be freed from “the 
curse of sterile intellectualism.’’ And since 
German mathematics was rooted in blood 
and soil, the State must support it. Fur- 
thermore, the greatest achievements of 
German mathematicians of both the past 
and of modern times attest the fact that 
“mathematics is beyond doubt a manifes- 
tation of national consciousness.”” And 
so it went, ad nauseam. 

What utter nonsense! Truly ludicrous, 
were it not so fraught with tragic implica- 
tions and dire consequences! Fortunately 
for mankind, the myth has now been ex- 
ploded, but at a fearful price. One of the 
many lessons it should teach us is the need 
for a genuine appreciation of history— 
not the history of dynasties and wars and 
national heroes, but the history of the de- 
velopment of customs and inventions and 
ideas—in a word, an understanding of the 
growth and achievement exhibited by the 
human race as time marches on. 

Again in retrospect, it is curious and 
perhaps instructive to note the perverted 
slant given to the mathematical education 
of youth under National Socialism in 
Germany during the decade or so preced- 
ing the outbreak of World War II. At 
that time many writers in Germany were 


insisting that the ‘organic theory of so- 
ciety’ was the cornerstone of National 
Socialism; they strongly urged that math- 
ematical instruction be used to develop 
the concept of the economic man with 
particular emphasis upon utility and 
thrift. All economic and political questions 
were to be discussed mathematically. The 
mathematics classroom was expected to 
help set in motion those “spiritual and in- 
intellectual forces’? in each pupil which 
would make him “an integral member of 
an organically organized society.’’ In 
short, whereas in former times general 
culture was viewed as an acceptable goal 
of mathematical education, under the 
Nazis the sole task of all education, in- 
cluding mathematics, was to develop po- 
litico-economically-minded citizens. This 
particular emphasis upon social-political- 
economic problems was known as Staats- 
biirgerkunde. 

Possibly a contributing factor to the 
development of the organic theory of so- 
ciety was the widespread popularity of 
youth movements, outdoor pageants, mass 
calisthenics, extensive hikes, and general 
participation in field sports (Geldndes- 
sport). These recreational activities spread 
with phenomenal rapidity and were ac- 
companied by such intriguing slogans as 
“Kraft durch Freude’”’ and the like. This 
intense interest in field activities was re- 
flected in textbooks and periodical litera- 
ture in the form of material dealing with 
principles of dynamics and ballistics. It 
would have been surprising if the math- 
ematical education of a people strongly 
unified through mass-mindedness and 
steeped in a social philosophy of force had 
not sooner or later reflected its concern 
with the application of science and math- 
ematics to warfare and military prepared- 
ness (Wehrkunst). Schoolbooks of this pe- 
riod contained a wealth of material along 
these lines. One need only point out a few 
of the more typical and frequently re- 
iterated exercises: the determination of 
angles and distances by indirect measure- 
ment; methods of triangulation; the de- 
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termination of inaccessible heights and 
distances by indirect measurement and 
trigonometry; the determination of the 
north-south direction by means of a 
watch; general problems of surveying, 
map-making, and engineering topology; 
the study of trajectories and _ ballistics; 
the timing of bombs and projectiles to 
explode at a desired time; the so-called 
“echo” problems, i.e., the determination 
of distances by measuring the time of the 
echo to return; and the perspective method 
of interpreting photographs of terrain 
taken from an airplane. 

Totalitarian Wehrwirtschaft meant the 
organization of the nation’s entire eco- 
nomic and social life along military pat- 
terns. There were no civilians, everybody 
was a “soldier’’ of the State. The essential 
purpose was to transform all social rela- 
tionships into something akin to military 


ranks, i.e., of superiors and subordinates. 
In this way submission to authority and 
economic inequalities could be rationalized 
more readily, since they seemingly served 
military ends rather than economic pur- 
poses. 

Whether popular interest in military 
applications of mathematics was a con- 
comitant of the policy of Wehrwirtschaft, 
or whether it was deliberately fostered by 
Nazi leaders who (even before September 
1939) were spreading the doctrine of 
Lebensraum and the notion that the out- 
side world was bent on annihilating Ger- 
many, is beside the point. The fact re- 
mains that mathematical instruction in 
the schools consistently emphasized the 
relation of mathematics to military sci- 
ence, whether in the name of Staats- 
biirgerkunde, Geldndessport, or Wehrwirt- 
schaft. 


du Pont Fellowships at the University of Chicago 


The University of Chicago announces six 
graduate fellowships of $1,920 for students who 
wish to prepare for teaching chemistry or 
mathematics or physics in secondary schools. 
EK. I. du Pont de Nemours and Company has 
granted the University funds for these fellow- 
ships to encourage able college graduates of 
both sexes to enter high-school mathematics and 
science teaching. 

The du Pont fellows will register for science 
and/or mathematics courses, for professional 


courses in the teaching of the subject, and for 
apprentice teaching courses. Their program of 
study is designed to enable them to meet the 
requirements for the secondary-school teaching 
certificate issued by most states and to advance 
them toward a Master of Science degree. 
Applications for fellowships for 1956-1957 
must be made before May 15, 1956. Further in- 
formation about the du Pont fellowships may be 
obtained from the Center for Teacher Educa- 
tion, University of Chicago, Chicago 37, Illinois. 


I propose the establishment of a ‘National 
Educational Reserve’? comprising qualified 
teachers in mathematics, physics, chemistry, 
engineering, and related subjects, to be drawn 
from the technological ranks of industry. I have 
in mind the release—and with full pay for at 
least a year—of a reasonable number of men and 
women for teaching assignments in their local 
schools. This unique Reserve could also mobilize 


those who have reached the retirement age, but 
whose knowledge and experience would make 
them inspiring teachers. In addition, it could in- 
clude qualified people willing to volunteer their 
services to teach in night schools without giving 
up their industry jobs.—Taken from Our Na- 
tional Security, an address delivered before the 
National Security Industrial Association by 
David Sarnoff, Chairman of the Board, RCA. 
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@ POINTS AND VIEWPOINTS 


The National Council 


and the classroom teacher 


A column of unofficial comment 


by Marie S. Wilcox, Retiring President, NCTM 


Children naturally like mathematics. 
This I believe! Certainly the majority of 
them do. 

If more students are to study more 
mathematics, the classroom teacher must 
see that the student does not lose this 
natural eagerness to learn mathematics. 
As a matter of fact, the classroom teacher 
must see that the desire of the student to 
pursue his study of mathematics increases 
as he progresses in school. 

This is a big order. It can neither be 
done by merely relating the uses of mathe- 
matics in engineering, nor by making 
pretty geometric constructions, nor by 
having an attractive bulletin board, al- 
though these things may have a place in 
the whole picture. 

Young people will continue to enjoy 
the study of mathematics and will con- 
tinue to enroll in courses in mathematics 
if they understand what they are studying 
and if they succeed. 

The mathematics classroom teacher 
must, therefore, be a master teacher. She 
must have an excellent background in her 
subject matter. She must know what is 
happening in the mathematics classroom 
of capable teachers at grade levels above 
and below the level she is teaching. She 
should know what is new in methods of 
teaching mathematics and, certainly at 
the junior- and senior-high-school level, 
should have some knowledge of recent 
research in pure and applied mathematics. 


The majority of members of the Na- 
tional Council are classroom teachers. 
Certainly, then, a major purpose of the 
Council should be to assist these members 
in doing an excellent job. 

I believe that activities of the Council 
reflect this purpose. Meetings, other than 
the annual meeting, have been scheduled 
at times of the year when classroom teach- 
ers can attend. Council publications con- 
tain much that will assist the classroom 
teacher. 

Latest developments in connection with 
Council publications are plans to publish 
and distribute a guidance leaflet to teach- 
ers of mathematics. The Board of Direc- 
tors of the Council and the Board of Gover- 
nors of the Mathematical Association of 
America approved the plans last summer. 
Dr. Irvin H. Brune of Iowa State Teach- 
ers College, representing the Council, and 
Dr. Alfred L. Putnam of the University of 
Chicago, representing the Association, 
are co-authors of the leaflet. The Council 
is soliciting financial assistance so that the 
leaflet may be distributed cost-free not 
only to members of our organization but to 
as many teachers of mathematics at the 
high-school level as it is possible to con- 
tact. 

Also approved at the 1955 summer meet- 
ing of the Board were plans for a 1956 
summer writing conference for the Year- 
book, of which Dr. Phillip S. Jones is 
editor, This Yearbook is definitely meant 
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to be of assistance to the teacher in serv- 
ice, With information as to how central 
themes may be developed at various 
grade levels. 

To assure the continuation of Council 
activities which will be of service to the 
classroom teacher, classroom teachers 


themselves must take an active part in 
the affairs of the Council. 


Classroom 


What's new? 


teachers have been and should continue 
to be officers and members of the Board, 
should accept important committee ap- 
pointments, and should let their sug- 
gestions be known to the Board through 
the member of the Board representing 
their particular region or through the reg- 
ular representative of their local affiliated 


group. 


BOOKS 


SECONDARY 

Mathematics Review Exercises (3rd ed.). David 
P. Smith, Jr. and Leslie T. Fagan. Boston: 
Ginn & Co., 1956. Cloth, vi+346 pp., $3.00. 

Today’s Geometry (4th ed.). Lee R. Spiller. 
Franklin Frey and David Reichgott. Engle- 
wood Cliffs, New Jersey: Prentice-Hall, Inc., 
1956. Cloth, 321 pp., $3.28. 

Using Mathematics 7. Kenneth B. Henderson 
and Robert FE. Pingry. New York: McGraw- 
Hill, Ine., 1956. Cloth, xi+436 pp., $2.96. 


COLLEGE 


An Introduction to Linear Algebra. L. Mirsky. 
London: Oxford University Press, 1955. 
Cloth, xi+433 pp., $5.60. 

An Introduction to Mathematics (rev. ed.). Lee 
Emerson Boyer. New York: Henry Holt & 
Co., 1955. Cloth, xvi+528 pp., $5.25. 

Arithmetic for Engineers (5th ed.). Charles B. 
Clapham. London: Chapman & Hall, Ltd., 
1955. Cloth, xiii+540 pp., 21s. 

Arithmetic Its Structure and Concepts. Francis J. 
Mueller. Englewood Cliffs, New Jersey: 
Prentice-Hall, Inc., 1956. Cloth, xv+279 
pp., $5.50. 

Calculus Differential and Integral. G. M. Peter- 
sen and R. F. Graesser. Ames, Iowa. Little- 
field, Adams & Company, 1956. Paper, 
x+321 pp., $1.75. 

Differential Equations, William Ted Martin and 
Eric Reissner, Cambridge, Massachusetts, 
Addison-Wesley Publishing Company, Inc., 

1956. Cloth, xi+260 pp., $5.50. 


Elements of Business Mathematics for Colleges 
Llewellyn R. Snyder. New York: McGraw- 
Hill, Inc., 1956. Cloth, x +249 pp., $3.75. 

Fundamental Concepts of Geometry, Bruce E. 
Meserve, Cambridge, Massachusetts, Addi- 
son- Wesley Publishing Company, Inc., 1955. 
Cloth, ix+321 pp., $7.50. 

Geometry of Four Dimensions (Dover ed.). Henry 
Parker Manning. New York: Dover Publica- 
tions, Inc., 1956. Paper, ix+348 pp., $1.95 
(cloth, $3.95). 

Modern Trigonometry. William A. Rutledge and 
John A. Pond. Englewood Cliffs, New 
Jersey: Prentice-Hall, Inc., 1956. Cloth, 
xi +243 pp., $3.95. 

Plane Trigonometry (8rd ed.). Alfred L. Nelson 
and Karl W. Folley. New York: Harper «& 
Bros., 1956. Cloth, xi+330 pp., $3.50. 

The Analytical Theory of Heat (Dover ed.). 
Joseph Fourier. Translated by Alexander 
Freeman. New York: Dover Publications, 
Inc., 1955. Paper, xxiii +466 pp., $1.95. 

Topological Dynamics. Walter Helbig Gottschalk 
and Gustaf Arnold Hedlund. Providence, 
Rhode Island: American Mathematical 
Society, 1955. Cloth, vii+151 pp., $5.10. 


MISCELLANEOUS 


Math. Can Be Fun (teacher ed.). Louis Grant 
Brandes. Portland, Maine: J. Weston Walch, 
Publisher, 1956. Paper, iv.+200 pp., $2.50. 

Through the Mathescope, C. Stanley Ogilvy, 

New York, Oxford University Press, 1956. 

Cloth, vii+162 pp., $4.00. 
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Reviews and evaluations 


Edited by Richard D. Crumley, University of South Carolina, Columbia, 
South Carolina, and Roderick C. McLennan, Arlington Heights 


BOOKS 


Unified Algebra and Trigonometry, Elbridge P. 
Vance (Cambridge: Addison-Wesley Inc., 
1955). ix +354 pp., $4.50. 


This is an excellent text for one semester or 
two quarters work in college algebra and trigo- 
nometry. Emphasis is rightly placed upon 
analytic trigonometry with only 17 pages de- 
voted to the solution of triangles. 

A careful discussion in Chapter 3 of coordi- 
nate systems and the function concept paves the 
way for an elegant introduction of the circular 
functions in Chapter 4. Enough analytic geom- 
etry is developed so that a rigorous proof of the 
formula for cos (a —8) is easily presented. 

Prior to the definitions of the inverse circular 
functions, an excellent discussion of the general 
concept of an inverse function is presented. An 
interesting treatment of addition of sine func- 
tions is followed by some stimulating remarks 
on harmonic analysis. 

Four place tables of logarithms and trigo- 
nometric functions are included in the text. 
These certainly suffice for numerical purposes. 

Considerably more than half the book is al- 
located to algebraic topics. These are almost in- 
variably presented skillfully. The chapter on 
mathematical induction is admirably done. 
There is a fine treatment of determinants. Even 
the author’s remarks on factoring are note- 
worthy. He carefully relates the factorization of 
polynomials to the factorization of integers and 
observes that factoring is usually restricted at 
the elementary stage to factoring polynomials 
with rational coefficients into prime polynomial 
factors free from irrational coefficients. 

There are a few errors in the text. In the dis- 
cussion on pages 41 and 42 of a one-dimensional 
coordinate system it is asserted that the 1-1 
correspondence between the points on a line and 
the real numbers is effected by ‘‘associating 
every line segment with a real number which 
represents its length.’’ This is incorrect. It is 
easy to prove from the postulates of geometry 
that every line segment has a length which is a 
real number (depending upon the unit segment 
chosen). This proof might well be incorporated 
into the text at this point. The key postulate 
which presents us with the 1-1 correspondence is 
the assumption that for every number there is a 
segment having the number for its length. 


High School, Arlington Heights, Illinois 


The proof, on page 148, of the theorem that 
the determinant of a square matrix is un- 
changed if corresponding rows and columns are 
interchanged is invalid. An elementary proof of 
this theorem is quite lengthy, but the ideas in- 
volved are of such significance that the text 
should be expanded by two or three pages at 
this point in order to develop the concepts 
needed for a proof. 

The statement on page 150 of Property 6 for 
determinants is phrased: ‘If each element of any 
column (row) of a matrix is multiplied by the 
same number m and added to the corresponding 
element of another column (row)....” The 
formulation: “If to the elements of any column 
(row) are added the products of the correspond- 
ing elements of another column (row) by the 
same arbitrary number...’ would seem 
preferable. 

There is a large number of well-chosen ex- 
ercises. Answers are given to odd numbered 
problems. The format is most attractive. It 
would be difficult to find a more satisfactory 
text.—Charles Brumfiel, Ball State Teachers Col- 
lege, Muncie, Indiana. 


The Bequest of the Greeks, Tobias Dantzig (New 
York: Charles Scribner’s Sons, 1955). Cloth, 
191 pp., $3.95. 


The Bequest of the Greeks is the first volume 
of a trilogy which has the title Mathematics in 
Retrospect, “Studies in the Evolution of Mathe- 
matical Thought and Technique Written for 
those who would cultivate Mathematics either 
as a Vocation or as an Avocation.”’ The other 
volumes will have the titles Centuries of Surge 
and T'he Age of Discretion and will deal with the 
17th and 18th centuries and the 19th century 
respectively. 

The title of this volume indicates that the 
author is not writing a history of Greek mathe- 
matics per se. He is not dealing with what he 
aptly calls “‘mathematical archaeology.”’ He is 
concerned with those things which modern 
mathematics has inherited and used, not with 
the oddments of the estate. 

To suit the needs of the readers mentioned 
in the subtitle of the series, The Bequest of the 
Greeks is arranged in two sections. The first of 
these, “The Stage and the Cast,” is addressed to 
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the general reader who realizes the importance of 
mathematics in contemporary thought and who 
wishes to learn more about its history. The 
second part, “An Anthology of the Greek Be- 
quest,” is directed to the student of mathe- 
matics with the aim of integrating his knowledge 
through this historical approach. It is safe to 
conclude that each will read both parts with 
profit. 

Part I, “The Stage and the Cast,” begins 
with a reference page showing a series of maps 
and accompanying data. This enables the 
reader to find the approximate date and locale 
of each of the individuals mentioned in the text, 
and it focuses attention on the contrast between 
the many centers of interest in mathematics 
during the period from Thales to Euclid with the 
concentration of that interest in the period from 
Menelaus to Diophantus. 

Part I is a resumé of the development of 
the mathematical ideas which constitute the 
bequest. Here the reader must be on guard lest 
a finicky attitude color his appreciation of the 
volume. This is no place to debate the historicity 
of Thales or to argue whether a particular letter 
was written by Eratosthenes or by pseudo- 
Eratosthenes. Such preciosity works against our 
getting acquainted with an interesting scholar 
and hinders our appreciation of his thought. 

In the seven chapters of Part I the author 
arranges his material under the heads: “On 
Greeks and Grecians,’”’ “The Founders,” ‘On 
the Genesis of Geometry,” ‘‘Pyramids,” ‘‘Pen- 
tacles [the five-pointed star], ““The Pseudo- 
math [circle squares and their ilk],’”’ ‘The In- 
terdiction [the restriction to the compasses and 
unmarked straight edge].’’ The last section will 
be of special interest to high-school teachers. 

The chapter on pyramids will serve as an 
illustration of this section of the book. It begins 
with a quotation as does each chapter: “It is 
not that history repeats itself, but that his- 
torians repeat each other.’”?’ Dr. Dantzig re- 
capitulates the story that Thales, while in Egypt, 
was challenged to find the height of one of the 
pyramids and succeeded in doing so by measur- 
ing the shadow of the pyramid at a time when a 
man’s shadow is equal to his height. The author 
notes that the story has been repeated again and 
again but without critical comment. He himself 
is not concerned with the authenticity of the 
tale but with its plausibility. He sets himself 
two questions: was this a problem which the 
Egyptians of Thales’ day could solve on the 
basis of their knowledge; and, secondly, could 
Thales have done it on the basis of his knowl- 
edge. Dr. Dantzig indicates the inherent defects 
in the method usually shown and develops 
another in which the height of any object can 
be determined from two positions of the end of 
the shadows of the object and of a vertical post 
of known height. This proof satisfies the criterion 
of plausibility, for it comes within Thales’ range 
of knowledge. As it depends only on the idea of 
similitude, it is possible that it also could have 
been developed by the Egyptians. 


“The Anthology of the Greek Bequest” treats 
eight topics in consideravle detail and indicates 
their later development. Thus, instead of leaving 
it to the student to discover what later mathe- 
maticians have done with various items, as for 
instance the Pythagorean relationship c? =a? 
+b?, Mr. Dantzig has assembled this material 
in a connected account. It will be valuable. 

“The Anthology” is disappointing to the 
reader who keeps wondering when the author 
will come to some particularly favorite topic, 
as, for example, the conics of Apollonius. The 
Epilogue cares for this. Here the author says 
that he has postponed certain items so that they 
may be treated in connection with the time and 
place when they came into their fruition. This 
postponement makes the reader eager for the 
second volume, which the author says will fol- 
low “shortly.”—Vera Sanford, State Teachers 
College, Oneonta, New Tork. 


MODEL 


Demonstration Micrometer Caliper (Model 51), 
W. M. Welch Scientific Company, 1515 
Sedgwick Street, Chicago 10, Illinois. 
Blown-up model of micrometer caliper, 
$65.00. 


This demonstration model is designed to 
show the principle of the micrometer screw in 
making precise measurements. The model is 
nearly a yard long when closed, is made prin- 
cipally of aluminum, weighs twelve pounds, has 
a yoke 19” across, has a thimble 33” in diameter, 
and is 164” tall. The barrel and thimble are 
constructed of hard Bristol board tubing, to 
which printed scales are cemented and water- 
proofed. The smallest graduation of the linear 
scale on the barrel corresponds to the advance 
of the spindle caused by one revolution of the 
thimble. Two such graduations constitute the 
unit of measure indicated by the numerals on 
the barrel. The edge of the thimble is divided 


Continued on page 411 


Demonstration micrometer caliper (Model 51) 
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@® NOTES FROM THE WASHINGTON OFFICE 


Some unusual mail 


by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D. C. 


As anyone acquainted with the growing 
program of the National Council of 
Teachers of Mathematics would expect, 
the Washington office receives a great 
volume and variety of mail. Although we 
have not attempted to keep an accurate 
count, the number of pieces of mail re- 
ceived and worked up by the office staff 
must be at least 30,000 per year. 

This large volume of mail contains a 
surprisingly large number of letters that 
offer new “solutions” to old problems and 
“contributions” of various kinds. You 
may find it interesting to know something 
about this type of mail. 

The most frequent solution submitted 
is that of trisecting the angle. Quite often 
high-school pupils submit such solutions. 
Some of them are rather ingenious. In 
most instances the error is quite trans- 
parent. In all of these cases we try to 
find time to analyze the work sufficiently 
to locate the basic flaw. Then we write the 
pupil, commending him on his interest 
and originality, pointing out the logical 
inconsistency in his proof, and suggesting 
references that he might like to read for 
further information about the trisection 
problem. We hope that some of these 
students are stimulated to continue their 
experiments in geometry. 

All too frequently the pupils state that 
their work has been checked and approved 
by their teachers, and the teacher has en- 
couraged the pupil to submit his proof for 
approval or publication. On several occa- 
sions a teacher of geometry himself has 
submitted a trisection solution. One is 
tempted to feel a bit discouraged when 


this happens. Every adequately pre- 
pared teacher of geometry should know 
that there are certain problems which 
cannot be solved with the traditional 
tools of unmarked straightedge and com- 
passes. 

Other letters that purport to contain 
new discoveries and ideas run to a great 
variety. Occasionally a solution to the 
problem of squaring the circle is sub- 
mitted. One contribution consisted of 
what was supposed to be a detailed and 
complete outline of the field of mathe- 
matical knowledge. One interesting thing 
about the form of presentation was that 
the mathematical field was represented as 
completely closed and compartmentalized 
with no provision for the addition of new 
knowledge. The author of this project 
had hoped to expand his outline to in- 
clude the entire range of human knowl- 
edge. 

Frequently, ‘discoveries’ of new meth- 
ods, new teaching aids and gadgets, or new 
knowledge are presented with the confi- 
dent belief that they will revolutionize 
the teaching of mathematics. Practically 
all of these contributions show an ignor- 
ance both of pure mathematics and of 
modern teaching methods and _ beliefs. 
Frequently they involve fantastic notions 
bordering on numerology. (Of course the 
mail does now and then bring from an in- 
formed teacher of mathematics an idea 
that really has merit. All such mail is 
forwarded promptly to the editors of our 
journals.) 

One characteristic of nearly all of the 
mail described above is that the prime 
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concern of the authors seems to be to re- 
ceive credit. Often, more than credit is 
wanted. The author feels that he is en- 
titled to be paid liberally for his work, 
and he wants to sell it to the highest bid- 
der. Occasionally we hear from a person 
who, although not wanting money for 
himself, is seeking a grant of funds that 
will enable him to finish the project that 
he has begun. The attitude of most of 
these persons is in sharp contrast with 
the scientific attitude and spirit of in- 
quiry that have been responsible for the 
development of most of our knowledge. 

Although this mail consists almost en- 
tirely of material that is either mathe- 


matically trivial or faulty, the fact that 
such mail exists probably represents a 
wholesome situation. It indicates that 
mathematics has a powerful and com- 
pelling attraction for many persons. It 
also indicates that many people who are 
attracted by mathematics never learn 
enough about it to really understand its 
nature. Incidentally, very little of the 
above mail comes from or through mem- 
bers of the National Council of Teachers 
of Mathematics. Except for the student 
mail, most of it comes from outsiders who 
are interested in our organization primar- 
ily as a channel through which they may 
publicize their ideas. 


Reviews and evaluations 


Continued from page 409 


into 50 parts, so each thimble division is one- 
fiftieth of the pitch of the screw, or one-hundredth 
of the unit of measurement. This system corre- 
sponds to standard metric calipers having a 
half-millimeter pitch and reading to nearest 0.01 
mm. 

A setscrew in the thimble enables a zero ad- 
justment to be made and also permits the re- 
moval of the entire thimble to expose the screw. 
The maximum opening between spindle and an- 
vil is slightly more than 8 inches. 


This model is constructed of durable material 
and is of excellent workmanship. The numerals 
on the barrel and thimble may be read from a 
distance of 20 feet without strain, and the 
graduations can be distinguished easily at a 
distance of 15 feet. Hence, the model can be used 
effectively for a fairly large class. The price of 
the model is high, but when spread over a period 
of 15 years it is not excessive. In addition to its 
use in mathematics classes, the model can be 
used in shop classes.—-Richard D. Crumley. 


“For education in a democratic society, 
which is also a changing society, the highest 
quality of performance of developmental tasks 
requires reflective thinking, or thinking through 
the situation before acting. The boy whose 
father and grandfather made buggy whips may 
without thinking much about it go into the 
buggy-whip business in an unchanging or a 
slowly changing society. But in a rapidly chang- 
ing society the boy must think ahead, and de- 
termine, if he can, whether buggy whips will 
continue to be needed when he grows up.’’— 
Taken from Human Development and Educa- 
tion by Robert J. Havighurst. New York: Long- 
mans, Green and Company, 1953. Chapter 12, 
page 169. 
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THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Sixteenth Summer Meeting 


University of California, Los Angeles Campus 


August 19, 20, 21, 22, 1956 


The program which is now being 
planned for this summer meeting of 
N.C.T.M. in Los Angeles will include 
general sessions addressed by nationally 
known speakers, a banquet, a luncheon, 
and many sectional meetings. These 
meetings should be of interest to teachers 
of elementary arithmetic, and junior and 
senior high school mathematics, as well as 


to teachers of junior and senior college 
mathematics. Special sections will also 
deal with aspects of teacher education in 
mathematics. 

Complete programs will later be mailed 
to members of N.C.T.M. In the meantime, 
further information may be had from Dr. 
Clifford Bell, University of California, 
Los Angeles Campus, Los Angeles, Calif. 


Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MaTHe- 


MATICS TEACHER. Announcements for this 
column should be sent at least ten weeks early to 
the Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth Street, 
N. W., Washington 6, D. C. 


NCTM convention dates 


JOINT MEETING WITH NEA 
July 2, 1956 

Portland, Oregon 

Lesta Hoel, Public Schools, Portland, Oregon 


SUMMER MEETING 
August 19-22, 1956 

University of California, Los Angeles, California 
Clifford Bell, University of California, Los An- 


geles 24, California ~ 


CHRISTMAS MEETING 

December 27-29, 1956 

Arkansas State College, Jonesboro, Arkansas 

Lyle J. Dixon, Arkansas State College, State 
College, Arkansas 


ANNUAL MEETING 

March 28-30, 1957 

Bellevue-Stratford Hotel, Philadelphia, Penn- 
sylvania 

M. Albert Linton, William Penn Charter School, 
Philadelphia, Pennsylvania 
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Mathematics Institute 

June 4-15, 1956 

University of Oklahoma, Norman, Oklahoma 

J. O. Hassler, Department of Mathematics, Uni- 
versity of Oklahoma, Norman, Oklahoma 


Ninth Annual Workshop for Teachers of Mathe- 
matics 

June 18-30, 1956 

Indiana University, Bloomington, Indiana 

Philip Peak, School of Education, Indiana Uni- 
versity, Bloomington, Indiana 


Mathematics Institute (Sponsored by Iowa State 
Teachers College and the National Science 
Foundation) 

June 18-July 28, 1956 

Iowa State Teachers College, Cedar Falls, lowa 

H. Van Engen, Iowa State Teachers College, 
Cedar Falls, lowa 


California Conference for Teachers of Mathemat- 
ics 

June 20-July 3, 1956 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los An- 
geles 24, California 


Seventh Annual Mathematics Institute of Louisi- 
ana State University 

June 24-29, 1956 

Louisiana State University, Baton Rouge, Lou- 
isiana 

Houston T. Karnes, Louisiana State University, 

Baton Rouge, Louisiana 


Other professional dates 


Call for nominations 


The new Committee on Nominations and 


Workshop in Visual Aids in Mathematics for 
Junior-Senior High School 

June 25-July 13, 1956 

State Teachers College, Millersville, Pennsyl- 
vania 

George R. Anderson, State Teachers College, 
Millersville, Pennsylvania 


Institute on Secondary and Collegiate Mathemat- 
ics 

July 2-August 11, 1956 

Williams College, Williamstown, Massachusetts 

Donald E. Richmond, Department of Mathe- 
matics, Williams College, Williamstown, Mas- 
sachusetts i 


Workshop in Mathematics Education for Senior 
High, Junior High, and Elementary School 
Teachers and Administrators 

August 6-25, 1956 

Northwestern University, Evanston, Illinois 

E. H. C. Hildebrandt, 221 Lunt Building, 
Northwestern University, Evanston, Illinois 


Eighth Annual Mathematics Institute of the As- 
sociation of Teachers of Mathematics in New 
England 

August 16-23, 1956 

Williams College, Williamstown, Massachusetts 

Barbara B. Betts, 1388 Norfolk Avenue, Swamp- 
scott, Massachusetts 


Fourth Annual Mathematics Institute of the Flor- 
tda Council of Teachers of Mathematics 

August 27-28, 1956 

Florida State University, Tallahassee, Florida 

Joe Hooten, Florida State University, Tallahas- 
see, Florida 


Elections is already making plans for the next 
election in 1957. Officers to be elected in this 
election will be as follows: Vice-President for 
Junior High School, Vice-President for College, 


and three Directors. 


The committee is anxious to receive your 
suggestions for candidates. If you know of able 
individuals who should be considered for office, 
please submit their names now, with full in- 
formation about their qualifications, to the new 
chairman of the Committee on Nominations and 
Elections, F. Lynwood Wren, George Peabody 
College for Teachers, Nashville Tennessee. 

The members of the nominating committee 


are: 


Alice Hach 
Janet Height 
Clark Lay 
Zeke Loflin 


John Mayor 
Beth Patton 
Phillip Peak 
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HOW 


How to Use Your Bulletin Board 

Donovan A. Johnson and Clarence E. Olander 

Make your bulletin board a genuine teaching aid. 

NO 1 Discusses purposes, appropriate topics, supplies 
- needed, techniques, and “tricks of the trade.”’ 


Illustrated with reproductions of actual displays. 
A gold mine of ideas for the effective use of your 
bulletin board. 


12 pages. 50¢ each. 


How to Develop a Teaching Guide 
in Mathematics 


Mildred Keiffer and Anna Marie Evans 
Tells how to develop teaching guides in mathe- 
NO ? matics to meet your local situation. 

. Discusses steps in the development of a guide, prin- 


ciples involved, content, and use. 


Contains an annotated bibliography of reference 
materials. 


10 pages. 40¢ each. 


How to Use Field Trips in Mathematics 


Donovan A. Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 


Are field trips worth the time and effort ? 
NO 3 Discusses types of field trips, purposes, where to 
a go, how to plan, follow-up activities, and the like. 
Gives examples of actual field trips. Interestingly 


illustrated. 


8 pages 35¢ each. 


All items in the How-To Series are punched for three- 
ring binder for convenience in use. Collect the entire series. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MATHEMATICS TEACHER when answering advertisements 


Teacher’s Agency 
28 E. Jackson Bivd. Chicago 4, Ill. 


Teachers in the different fields of mathematics have exceptional opportunities 
through our office for positions in high schools, colleges and universities. 
OUR SERVICE IS NATION-WIDE. 


Now Available Again 
THINKING ABOUT THINKING 


by Cassius JACKSON KEYSER 


A new supply of copies of this classic has been received. 
Gives an excellent discussion of logical thinking and its relationship to mathematics. 


CONTENTS 
Is all Thinking Organic Behavior? Autonomous or Postulational Thinking 
Detection of Postulates The Importance and Availability of Autonomous Thinking 
45 pages 75¢ each. 
Postpaid if you send remittance with order. 
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W., Washington 6, D.C. 


3 unique - recreational - source books 


designed to help make the world love and 
enjoy mathematics by Samuel I. Jones 
Invaluable for clubs and supplemental teaching aids from the junior high level 
on up. All kinds of fascinating and stimulating material for everyone. 
MATHEMATICAL CLUBS AND RECREATIONS 
236 pages 61 illustrations 5” x 734” price $3.00 


MATHEMATICAL NUTS 
340 pages 200 illustrations 5” x 73%” price $3.50 


MATHEMATICAL WRINKLES 
361 pages 94 illustrations 5” x 73%" price $3.50 


One of Many Commendations Received From Enthusiastic Users: 


“My students have always expressed a special interest in your three books. They should be in the 
Mathematics section of every library and should be kept in an easily accessible place on the reference 
shelf of every teacher of Mathematics. I am thoroughly sold on the use of these books. They help create 


an interest in Mathematics and stimulate the student to think.” ‘ 
C. Eaves, Asso. Prof. of Mathematics 


Kisbaree Polytechnic Institute, Auburn, Alabama 
Request additional information or order copies on approval from 


S. I. JONES COMPANY, Publisher 
1122 Belvidere Drive Nashville 4, Tennessee 


Please mention the MATHEMATICS TEACHER when answering advertisements 


BOOKS 
ESSENTIAL FOR 
REFERENCE AND CLASS 


DR. BRUHN’S TABLES OF LOG- 
ARITHMS; 7 Place Logarithmic & 
Trigonometrical Tables. For solving 
the most complicated and extensive 
numerical calculations by simple addi- 
tion or subtraction. Postpaid ....... 


ADDITION & SUBTRACTION LOG- 
ARITHMS (Gaussian Tables) to 7 
Decimal Places. For solving formulas 
involving Addition and Subtraction 
without adapting them to logarithmic 
computation. Postpaid ............. .00 


BENSON’S NATURAL TRIGONO- 
METRICAL FUNCTIONS. Contains 
the Natural Sine, Cosine, Tangent and 
Cotangent to 7 Decimal Places for 
every 10 Seconds of Arc from 0 De- 
grees, Semi-Quadrantly arranged. 
$5.00 


THE CHARLES T. POWNER CO. 
Dept. TMT, 407 S. Dearborn St., Chicago 5, Ill. 


Binders for the 
MATHEMATICS TEACHER 


Handsome, durable, magazine binders. 
Each binder holds eight issues (one 
volume) either temporarily or perma- 
nently. Dark green cover with words 
“Mathematics Teacher” stamped in 
gold on cover and backbone. Issues 
may be inserted or removed separately. 
$2.50 each. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. 
WASHINGTON 6, D.C. 


WALTER W. HART 


A First Course in 
Algebra, 2nd ed. 


A compact and complete text for a 
sound, basic, one-year course. Addi- 
tional topics for superior students. 
Systematic review and tests. Illustra- 
tions showing practical applications. 


WALTER W. HART 


A Second Course in 
Algebra, 2nd ed. 
Enlarged 


Sound teaching principles combined 
with an approach geared to the stu- 
dents’ needs and abilities. Clearly 
indicated maximum-minimum course. 
Simple, non-technical language. 


HART, GREGORY, SCHULT 


Mathematics 
in Daily Use, Revised 


A ninth grade text written especially 
for those students who do not intend 
to study algebra. Provides a back- 
ground of usable and necessary mathe- 
matics skills for the average pupil. 


D. HEATH 
and Company 


Sales Offices: Englewood, N.J., Chicago 16, 
San Francisco 5, Atlanta 3, Dallas 1 
Home Office: Boston 16 


Please mention the MatHematics TEACHER when answering advertisements 


Make your own baby genius computers... 


GENIACS and TYNIACS 


—THE IMPROVED KITS MADE BY THE ORIGINATOR— 
See Story & Pictures about us in March 19 LIFE Magazine 


© Scientific 


Our versatile 
multiple switch 


KI: GENIAC SMALL ELECTRIC BRAIN CONSTRUCTION KIT: 
64-page manual (by E. C. Berkeley) and complete set 
of over 470 parts including six multiple switches for 
making over 30 a nee. reasoning, com- 
puting, puzzle- and g machines, in- 
cluding NIM, TIT-TAT-TOE, SAUL IPLYING MACHINE, 
etc. Each Geniac runs on one flashlight battery, re- 
quires no soldering (all connections with nuts and 
bolts). Demonstrates in instructive and easily-put-to- 
gether models the fascinating variety of computing and 
reasoning circuits 317/95 
80¢ for shipment U. S. West of Mississippi; 
‘or shipment outside U.S.). 


WE WILL NOT BE UNDERSOLD! 


Also Publications on 
COMPUTERS, ROBOTS, etc. 


We are Berkeley Enterprises, Inc., (and Edmund 
C. Berkeley and Associates) makers and exhibitors 
of small robots (Simon, 
brain—construction plans, P 1, $5.50; pn ee 
squirrel—construction plans, $4. 00; etce.); 
publishers, authors (Giant Brains, Wiley, 1949), 
instructors, etc. 


(pp. 173-6) 


Instructive Entertaining © Safe 


You can make your own machines with our construction kits including all 
parts and new wipers so that all switches work well. 


K3: TYNIAC SMALL ELECTRIC BRAIN CONSTRUCTION KIT: 


Complete set of parts iociudios four multiple switches, 
manual of instructions (by E. C. Berkeley) includin 

tion to Bool algebra for circuits and set o' 
templates for making over a dozen gd NEW 
arithmetical, logical, puzzie- 
solving and machines. $9. 
(add 60¢ for shipment U.S. west of Mississippi; $1.40 
outside U.S.)—P 38: Tyniac Manual alone . . . $2.00 
K 4: Set of Wipers for Geniac—Kit only 


RETURNABLE IF NOT SATISFACTORY 


MAIL THIS REQUEST or A COPY OF IT ~~ 


Berkeley Enterprises, Inc. 
513 Ave., of the Americas, R156, New York (1, N.Y. 
1. Please send me items circled: 

Ki K3 K4 Pi P3 P38 
RETURNABLE in 7 days for full refund if not satis- 
factory. I enclose $ 
payment (add 10¢ per item for handling and postage). 
2. Please send free announcement of () publications 
and ( courses. 

My name and address are attached. 


A P. ortrail of 2 


by Lawrence A. Ringenberg 


@ Presents a look at the modern portrait of 2. 


@ Discusses the number 2 from the viewpoint of modern number theory. 


@ Written to enlarge the reader's concept of number and to give some insight 
into the nature of number as a creation of the human intellect. 


Contents 


. Introduction 

. The Natural Number 2 
. The Numeral 2 

. The Integer 2 

. The Rational Number 2 


48 pages 


6. The Measurement Number 2 

7. The Real Number 2 

8. The Complex Number 2 

9. Suggestions for Further Readings 


75¢ each 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. 


Washington 6, D.C. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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Schacht Instruments 
for DYNAMIC GEOMETRY 


inductive learning 


ADJUSTABLE: 


A great variety of animated geometric 
configurations can be produced quickly 
and easily. 


Continuities usually unnoticed in static 
figures become apparent. 


INSTRUCTIONAL: 


The steps and stages of the problem-solv- 
ing process are distinguished, defined and 
emphasized. The inductive approach, 
wherein the student makes his own dis- 
coveries and generalizations, contributes 
to the improvement of the ability to think 
critically, Curiosity is aroused and interest 
is sustained. A variety of techniques for 
either individual or group instruction is 
possible. The deductive aspect of geom- 
etry is enhanced by an understanding of 
the limitations of induction. 


PRECISE: 


The metric scale on all linear parts and 
protractors properly placed for the meas- 
urement of angles provide for the collec- 
tion of all data pertinent to a problem. The 
instruments are made of sturdy, light- 
weight anodized colored aluminum. 


INEXPENSIVE: 


The cost per pupil per year for a fully 
equipped laboratory is only a few cents. 


WRITE FOR 
CATALOG 


W. M. WELCH 
SCIENTIFIC 
1515 Sedgwick Street, Chicago 10, Illinois, U.S.A. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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